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Abstract
An object is called symmetric if it can be partitioned into more than one identical
segments. The objects are stored in the computer memory mostly as digital images,
point clouds, and triangle meshes. Characterizing and finding the symmetry has
been an active research topic in computer vision and graphics due to its importance
in solving problems such as shape matching, shape recognition, compression, surface
reconstruction, real-time attention for robotic vision, and cultural heritage object
reconstruction and restoration.
There exist approaches for reflection symmetry detection in digital images, point
clouds, and triangle meshes. However, the performance of the existing approaches
on the real world datasets still has to be improved since many impurities are added
in the data while capturing. For example, occlusion, non-rigid deformations, and
sensor noise. Our goal is to develop algorithms for detecting reflection symmetries in
digital images, point clouds, and triangle meshes in the presence of noise, occlusions,
and non-rigid deformations.
We propose two methods for detecting reflection symmetry in 2D images. We
then use the detected reflection symmetry to over-segment an image into symmetry
aware superpixels and to find the reflection symmetry map of an image. The reflection symmetry map represents a confidence score at every pixel having its reflection
pixel and identifies the reflection pixel of each pixel. We present two methods for
detecting reflection symmetry in 3D point clouds without feature descriptors and
using images used in a structure from motion framework for constructing the 3D
point cloud of the underlying object. Intrinsic symmetry in triangle meshes is used
as a prior in various important problems of shape analysis. Therefore, off-the-shelf
fast and accurate detection of symmetry in challenging settings is required. We propose a functional map-based approach which achieves state-of-the-art performance
in terms of time and accuracy. Many physical data points reside in the space of dimensions greater than three, e.g., an RGB-D image captured using a Kinect sensor.
Therefore, we develop the theory and present a method for detecting the reflection
symmetry in d-dimensional point cloud without using features.
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Chapter 1

Introduction
An object is called symmetric if it can be partitioned into more than one visually
identical segments. Symmetry present in natural and man-made objects enriches
the objects to be physically balanced, easy to recognize, and easy to understand.
Symmetry is present at different scales in various natural objects such as the human
brain, the human body, almost all the animal bodies, architecture designs such as
the Taj Mahal, dragonfly eye, Persian carpets, and chemical molecules. Symmetry
present at different scales of objects plays an important role for every object. For
example, compound eyes of insects like krill and dragonfly have the translational
symmetric array of hexagonal shaped ommatidia, each acting as a single lens, to
get large view angle and fast movement detection in the surrounding environment.
All the birds have two wings to make balance while flying. Two eyes for perceiving
the depth of the surrounding environment and wide angle view. The symmetry

Reflection

Rotation

Translation (krill eye)

Figure 1.1. Frequently occurring symmetries in nature.

can be classified into three primitive types and various derivatives based on how
the identical parts of a symmetric object can be transformed using mathematical
transformation from one part to another. The three primitive types of symmetry
are reflection symmetry, rotation symmetry, and translation symmetry. In Figure
1.1, we show three images exhibiting reflection symmetry, rotation symmetry, and
translation symmetry. If an object has reflection symmetry, then we can partition it
into two parts about a line, called the symmetry axis. Then, one part can be transformed into the other by reflection transformation about the symmetry axis. If an
object has rotation symmetry, then we can partition it into multiple parts depending
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on the order of rotation symmetry about the center. Then, one part can be transformed into the other by rotation transformation around the center. If an object
has translation symmetry, then we can partition it into multiple parts depending on
the order of translation symmetry. Then, one part can be transformed into another
by translation transformation. There are various derivative types of symmetry such
as curved reflection symmetry, glide-reflection symmetry, Frieze groups, wallpaper
symmetry, etc.
We can further divide objects in three categories: perfectly symmetric, approximately symmetric, and highly deformed symmetric objects which are also known
as asymmetric objects. In this thesis, we have handled the perfectly and approximately symmetric objects. There have been works in which asymmetric objects are
made perfectly or approximately symmetric. For example the authors in [4], [104]
maximize the extrinsic symmetries of facades and non-rigid objects, respectively.
Asymmetry is an entirely new research topic to work on which is beyond the scope
of this thesis.

Image

Point Cloud

Triangle Mesh

Figure 1.2. Different types of representation of symmetric objects in computer memory.

The real world objects are stored in the computer memory in various representation forms such as digital images captured through cameras, point clouds obtained
through devices such as Kinect and LiDAR, and triangle meshes reconstructed from
point clouds. In Figure 1.2, we show these three most common forms of the object
representation in the computer memory. Characterizing and finding the symmetry has been an active topic of research in computer vision and computer graphics
as physical objects form the basis for these research areas. The primary objective
has been to detect various types of symmetries in objects depicted through these
different representations.

1.1

Motivation

Importance of various types of symmetry is evident while solving problems such as
mesh repairing, shape matching, retrieving the normal forms of 3D models [104, 199,
47], inverse procedural modeling [105], shape recognition [61], shape understanding
[108], shape segmentation [189], shape completion [154, 159], texture synthesis and
manipulation [65], viewpoint selection [126], model reduction [103], shape editing
[188, 107, 62, 73, 187, 34], reconstruction of 3D models from images [70, 148], krill
eye based wide-angle imaging lenses design [53], image matching [52], image editing
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[90], real-time attention for robotic vision [139], symmetric object segmentation
[147, 44], and cultural heritage object reconstruction and restoration [152, 149].
There exist several approaches for reflection symmetry detection in digital images, point clouds, and triangle meshes. However, due to the several impurities
present in the input data while capturing them, such as occlusion, non-rigid deformations, and sensor noise, the performance of the existing approaches on the real
world benchmark datasets, such as [45], [21], [31], [179], still has to be improved
for better solving the above important problems. Our main goal in this thesis is to
develop algorithms with better performance for detecting reflection symmetries of
real-world objects represented as a digital image, point cloud, and triangle meshes
in the presence of noise, occlusions, and non-rigid deformations. We have worked on
designing algorithms for 2D/3D reflection symmetry detection and have achieved
state-of-the-art performances either in terms of time or performance. We have further used symmetry to introduce new important applications.

1.2 Definition of Symmetry
Now, we give the formal definition of the symmetry as follows.
Definition 1.2.1 (Symmetry). An object or a manifold M is said to be symmetric
with respect to an isometric transformation T if dM (x, y) = dM (T (x), T (y)). Here,
dM is the geodesic distance metric on M. Equivalently, M is said to be symmetric
with respect to an isometric transformation T if T (M) = M [106].
The set of all transformations T for which an object is a fixed point, i.e., T (M) =
M, has a very specific topological structure. This set forms a group called symmetry
group which satisfies the following axioms of being a group [106]. Let S be the set
of transformations T such that T (M) = M, then
Closure. ∀T1 , T2 ∈ S ⇒ T1 ◦ T2 ∈ S.
Identity Element. The identity element I always belongs to S since it leaves the
object unchanged.
Inverse Element. ∀T ∈ S, ∃T −1 ∈ S such that T −1 T = I.
Associative. ∀T1 , T2 , T3 ∈ S, T1 ◦ (T2 ◦ T3 )(M) = (T1 ◦ T2 ) ◦ T3 (M).
Example 1.2.2. Consider M to be a square in R2 . The rotations by 0◦ , 90◦ , 180◦ ,
and 270◦ about the center, and the reflections about the axis with slope 0◦ , 45◦ ,
90◦ , and 135◦ and passing through the center are the transformations T for which
T (M) = M. Therefore, the set S of transformations T contains 8 elements. In
Figure 1.3, we show all the transformations.

0◦

90◦

180◦

270◦

Figure 1.3. The set S of transformations T for a square object M such that T (M) = M.

The reflection symmetry of a symmetric object can be classified further based
on the articulated motion of the object M. Consider Figure 1.4(a). There exists
Rajendra Nagar
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(a) Extrinsic

(b) Intrinsic

Figure 1.4. The extrinsic and the intrinsic reflection symmetries.

a symmetry plane about which the kid model is symmetric. Now, consider Figure
1.4(b). There exists an articulated motion (isometric deformation) from the normal pose shown in Figure 1.4(a). The kid model is still symmetric, but we can
not define a reflection symmetry plane about which if we reflect the object, we still
get the same object. However, we can represent the symmetry by the set of pairs
of symmetric points. We observe that the Euclidean distance between two points
and the Euclidean distance between their mirror images are equal for the first case
and the geodesic distance (distance along the surface) between the two points and
the geodesic distance between their symmetric points are equal for the second case.
Therefore, the symmetry can be categorized into the following two categories.
Definition 1.2.3 (Extrinsic Symmetry). Given a shape, represented as a set of
points M equipped with the Euclidean distance metric dE , a surjective map T :
M → M is called extrinsic symmetry of the shape M, if ∥x − y∥2 = ∥T (x) − T (y)∥2
for any two points x, y ∈ M. The points T (x) and T (y) are called the mirror image
points of the points x and y, respectively [118].
Definition 1.2.4 (Intrinsic Symmetry). Given a shape, represented as a closed
and compact 2-manifold M with distance metric dM , a surjective map T : M →
M is called intrinsic symmetry or self-isometry of the shape M, if dM (x, y) =
dM (T (x), T (y)) for any two points x, y ∈ M. The points T (x) and T (y) are called
the intrinsically symmetric points of the points x and y, respectively. Here, dM (x, y)
denotes the geodesic or the intrinsic distance between the points x and y [118].
The extrinsic symmetry frequently occurs in the 3D scans of the architectural
scenes and the intrinsic symmetry frequently occurs in dynamic objects such as
human and animals. Further, both the intrinsic and the extrinsic symmetries are
categorized based on the impurities added while capturing or scanning the data,
Ph.D. Thesis
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occlusions present in the scene, deformations present in the object, and presence of
symmetry at different scales. The major types are the following. Global vs Local:
Symmetry may be present at various scales of the object such as a human is symmetric about the sagittal plane which is called the global symmetry and each eye and
each finger is also symmetric which is called the local symmetry. Complete vs Partial: an object may be present completely in the image which contains the complete
symmetry or partially present in the image which contains the partial symmetry.
Exact vs Approximate: perfectly symmetric object like a synthetic cube contains
exact symmetry and a scan of a human wearing loose clothes explain approximate
symmetry. In Figure 1.5, we show the complete categorization of the symmetry
[106].
Intrinsic
Rotation
Symmetry

Reflection

Global

Local

Complete

Partial

Exact

Approximate

Translation
Extrinsic

Figure 1.5. Categorization of Symmetry.

1.3 Thesis Plan
Following is the thesis plan.
Chapter 2. Multiple Symmetry Axes Detection in Real World Images.
In Chapter 2, we find reflection symmetry axes of symmetric objects present in
an image using their salient feature points and their boundary orientations. We
achieve state-of-the-art performance for multiple symmetry axes detection using
the boundary orientation approach. In Figure 1.6, we show the detected types of
the symmetries through the arrows.
Intrinsic
Mesh

Point

Reflection

Global

Local

Complete

Partial

Exact

Approximate

Image
Extrinsic

Figure 1.6. Detected symmetries in Chapter 2.

Chapter 3. SymmMap: Estimation of the 2-D Reflection Symmetry Map.
In Chapter 3, we propose an approach to find the reflection symmetry map of an
image. The reflection symmetry map represents a confidence score at every pixel
having its mirror reflection pixel. The reflection symmetry map also identifies the
Rajendra Nagar
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mirror reflection pixel of each pixel. We further use the symmetry score map to
perform the symmetry preserving stylization of the input image.
Chapter 4. SymmSLIC: Symmetry Aware Superpixel Segmentation. In
Chapter 4, we introduce the concept of symmetry aware over-segmentation of digital
images into superpixels. Over-segmentation of an image is a useful tool for solving
various problems in computer vision in lesser time. Reflection symmetry is an essential cue in understanding and grouping the objects in natural scenes. Existing
algorithms for estimating superpixels do not preserve the reflection symmetry of an
object which leads to different sizes and shapes of superpixels across the symmetry
axis. We propose an algorithm to over-segment an image through the propagation
of reflection symmetry evident at the pixel level to the superpixel boundaries. Further, we show the importance of symmetry aware superpixel over-segmentation by
using it to unsupervised symmetric object segmentation.
Chapter 5. Global 3D Extrinsic Symmetry Detection in Point Clouds. In
Chapter 5, we present two methods for detecting reflection symmetry in 3D point
clouds. The first approach detects the symmetry without using any feature descriptors. Whereas, the second approach uses images used in a structure from motion
framework for constructing the 3D point cloud of the underlying object and thereby
detecting the symmetry plane. In Figure 1.7, we show the detected types of the
symmetries.

Intrinsic
Mesh

Points

Reflection

Global

Local

Complete

Partial

Exact

Approximate

Image
Extrinsic

Figure 1.7. Detected symmetries in Chapter 5.

Chapter 6. Fast and Accurate Intrinsic Symmetry Detection. The intrinsic symmetry of 3D objects (represented as triangle meshes) is used as a prior in
various important problems of shape analysis. Therefore, off-the-shelf fast and accurate detection of symmetry in challenging settings is required. Previous approaches
are time-consuming and require improvement in accuracy on challenging datasets.
We propose a functional map based approach which achieves state-of-the-art performance in terms of time and accuracy for the problem of intrinsic symmetry detection.
In Figure 1.8, we show the detected types of the symmetries.
Chapter 7: Approximate Reflection Symmetry in a d-Dimensional Point
Set. The motivation behind detecting symmetry in higher dimensional spaces
(d > 3) is inspired by the fact that many physical data points reside in the space
of dimensions greater than three. For example, an RGB-D image captured using a
Kinect sensor, which has become a major tool for the interaction of the human with
the machines, has four dimensions at each pixel location. We develop the theory
and present a method for detecting the reflection symmetry in d-dimensional point
Ph.D. Thesis
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Intrinsic
Mesh

Points

Reflection

Global

Local

Complete

Partial

Exact

Approximate

Image
Extrinsic

Figure 1.8. Detected symmetries in Chapter 6.

cloud without using any feature descriptors. We demonstrate for the special cases
d = 2 and d = 3 as examples. In Figure 1.9, we show the detected types of the
symmetries.
Intrinsic
Mesh

Points

Reflection

Global

Local

Complete

Partial

Exact

Approximate

Image
Extrinsic

Figure 1.9. Detected symmetries in Chapter 7.
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Chapter 2

Multiple Symmetry Axes
Detection in Real World Images
A symmetric object is reflective symmetric if it remains the same after reflecting
it about its reflection symmetry axis. Most objects present in the natural scenes
exhibit symmetry in the 3D space. Depending on the relative position of the object
projected onto the camera, the symmetry can be captured in the image. Assuming
that we are able to capture the symmetry of an object in the image, a challenging
computer vision task is to detect and localize symmetric objects present in the
natural scene using only the image.
We are interested in detecting reflection symmetry axes present in a given natural
image as they have multiple applications such as perception of objects in humans
[173], object detection [195], image matching using local symmetry features [52],
analysis of facial images [109], reconstruction of 3D models using symmetry [70],
and image editing [90].
We attempt the problem of finding the global reflection symmetry axes of multiple symmetric objects present in a digital image. This problem has been attempted
previously and promising results have been obtained through various approaches.
According to the recent challenge, “symmetry detection in the wild” [45], the stateof-the-art method for detecting single symmetry axis is [26] and the state-of-the-art
method for detecting multiple symmetry axes is [89]. However, on the dataset
provided in this challenge, a lot of effort is still required to detect the reflection
symmetry with better accuracy. We attempt to address this problem without any
external dataset for learning.
In this chapter, we present two methods for detecting the symmetry axes of
all the objects present in a given digital image. The proposed approaches can
find extrinsic symmetries of all types: approximate vs exact, global vs local, and
complete vs partial.
This chapter is based on the following publications.
Rajendra Nagar and Shanmuganathan Raman. “Reflection Symmetry Axes Detection using
Multiple Model Fitting”. IEEE Signal Processing Letters 24.10 (2017): 1438-1442.
Rajendra Nagar and Shanmuganathan Raman. “Reflection Symmetry Detection by Embedding Symmetry in a Graph”. In IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP), pp. 2147-2151. 2019.

Rajendra Nagar

Ph.D. Thesis

10

2. Multiple Symmetry Axes Detection in Real World Images

2.1

Related Works

There exists a rich body of work for detecting reflection, rotation and translation
symmetry in images. In the review paper [85], Liu et al. gave a survey of all approaches of symmetry detection in digital images. In the state-of-the-art report [106],
Mitra et al. reported all the recent approaches for detecting symmetry in 3D models.
The symmetry detection approaches can be categorized as direct ([176, 72]), voting
based ([120, 114, 192, 127, 89, 11, 38]), basis functions ([193]), and moment based
([95, 142]). The performance of the direct methods significantly reduces in the presence of outliers. The voting based approaches are near invariant to noise. However,
due to the voting procedure, they are time-consuming. In the work [89], Loy and
Eklundh described each keypoint by SIFT descriptor and mirrored SIFT descriptor
and used the Hough transform based line detection algorithm. This method also
relies on the detection of keypoionts within the boundaries of the symmetric object.
Atadjanov and Lee detect symmetry axes using the appearance of structure features
[11]. Each edge point is described by the curvature at the point of intersection of the
edge passing through from the point and the circle centered at this point. It does
not use the edge features within the circle. Elawady et al. proposed a voting based
efficient method, where they used the edge characteristic in the Log-Gabor wavelet
response space [38]. However, the Log-Gabor response at mirror symmetric pixels lying on the boundaries can be different due to different background pixels. Therefore,
boundary pixels may not participate in the symmetry detection process. However,
the boundary if a symmetric object is a main cue for understanding the symmetry of
an object. The works [171, 99, 138, 200, 155, 24, 18, 101, 67, 24, 110, 185, 121, 100],
also present good algorithms for symmetry detection. The works [30, 172, 163]
detect symmetry in perspective views. We compare our results with the methods
[89, 38, 26]. We propose two approaches to detect symmetry axes present in the
image based on the multiple model fitting and boundary orientation of the symmetric objects. We empirically show that the results obtained through the boundary
orientation approach are comparable to or better than that of the state-of-the-art
approaches. The multiple model fitting approach was proposed before the detecting
symmetry in the wild challenge [45].

2.2

Reflection Symmetry Detection using Multiple Model
Fitting

We first find a set of pairs of mirror symmetric pixels. We use the best buddy
similarity algorithm which is known to be robust to background clutter and occlusion
[33]. Then, we formulate an optimization framework by observing the fact that a
symmetry axis passes through the mid-point of the line segment joining the mirror
symmetric pixels and is perpendicular to the vector joining the mirror symmetric
pixels. Then, we propose a novel k-symmetry clustering algorithm to minimize this
energy function in order to efficiently find all the symmetry axes present in the given
image. The primary contributions of this work are listed below.
1. A technique to detect the pairs of mirror symmetric points which is robust to
background clutter.
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2. An energy minimization approach to detect a reflection symmetry axis based
on the dense correspondences of mirror symmetric points is introduced.
3. An algorithm called k-symmetry is developed in order to cluster the mirror
symmetric point pairs belonging to different objects exhibiting reflection symmetry.

2.2.1 Finding Pairs of Mirror Symmetric Points
Ideally, one pair of mirror symmetric pixels is sufficient to determine the symmetry
axis, which is represented by a straight line. However, due the presence of noise,
illumination variations, etc., we can not determine if a pair is truly mirror symmetric
pair or not. Therefore, we detect as many pairs of mirror symmetric pixels as
possible. We define a mirror symmetric pixels pair (MSPP) to be a collection of
two pixels which are mirror reflections of each other. We perform matching of
keypoints based on the local appearance in order to find the MSPPs. First, we use
SIFT algorithm to find the keypoints and their descriptors [88]. SIFT descriptors
are rotation invariant due to the rotation of gradient orientations by the dominant
orientations of the keypoints before generating the descriptors. However, they are
not invariant to the mirror reflection transformation. Hence, we will not be able to
determine the MSPP by just matching their SIFT descriptors. We use [89] in order
to get the mirrored feature descriptor for a keypoint.
Let P = {p1 , p2 , . . . , pn } be the set of detected n SIFT keypoints. Let {dpi }ni=1
n
and {dm
pi }i=1 be the sets consisting original SIFT descriptors and mirrored SIFT
128 , p ∈ R2 , ∀ i ∈ [n]. We find
descriptors respectively, where dpi , dm
i
pi ∈ R
the mirror reflection point of a point pi using the best buddy similarity method
proposed by [33]. We prefer to use this method because it is the best available
method for finding the nearest neighbors in the presence of background clutter and
occlusion. We also observe that a point can have more than one mirror reflection
points. Hence, only using the nearest neighbor we may not detect sufficient MSPPs
for each symmetry axis.
Definition 2.2.1. Let pi , pj ∈ P and two sets A = P \ {pi } and B = P \ {pj }.
Then, the pixels pi and pj are mirror reflections of each others if the pixel pj is one
of the k1 nearest neighbors (found from the set A) of the pixel pi and the pixel pi is
one of the k1 nearest neighbors (found from the set B) of the pixel pj or equivalently,
{
k1 -NN-MSPP(pi , pj ) =

1,
0,

if (pj ∈ k1 -NN(pi )) ∧ (pi ∈ k1 -NN(pj ))
otherwise.

(2.1)

Here, k1 -NN-MSPP(pi , pj ) denotes if the pixels pi and pj are mirror reflections of
each other or not and k1 -NN(pi ) denotes the set of the k1 nearest neighbor pixels of
the pixels pi from the set A. The distance between any pixel pw ∈ A and the pixel
m
pi is equal to ∥dm
pw − dpi ∥2 . Here, dpw is the mirrored SIFT descriptor of the pixel
pw and dpi is the SIFT descriptor of the pixel pi . The set k1 -NN(pj ) denotes the
set of the k1 nearest neighbors of the pixel pj from the set B. The distance between
m
any pixel v ∈ B and the pixel pj is equal to ∥dm
pv − dpj ∥2 . Here, dpv is the mirrored
Rajendra Nagar
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SIFT descriptor of the pixel pv and dpj is the SIFT descriptor of the pixel pj . We
automatically determine k1 as discussed in Section 2.2.3.

2.2.2

Symmetry Axis Detection

After determining the MSPPs, we propose an energy minimization based approach
to find the symmetry axes present in the given image. The idea is that for a given
fronto-parallel scene, symmetry axis should pass through the mid-point of the line
segment joining the mirror symmetric pixels and it should be perpendicular to the
vector joining{(the mirror symmetric
pixels.
)}p
Let S = (xli , yil ), (xri , yir ) i=1 be the set of all the pairs of mirror symmetric
)
(
points, where the pair (xli , yil ), (xri , yir ) contains pixels denoted by their coordinates
(xli , yil ) and (xri , yir ) which are mirror reflections of each other. Let mi =

yir −yil
xri −xli

be

the slope of the line Li passing through the pixels (xli , yil ) and (xri , yir ), ∀i ∈ [p]. Let
ax + by + c = 0 be the representation of the symmetry axis, where the particular
choice of the triplet (a, b, c) uniquely represents a symmetry axis. We prefer this
representation over the other representations of line such as ρ = x cos θ + y sin θ due
to the non-linear nature of the sine and cosine functions, and y = mx + c because
when the symmetry axis is vertical then the value of m will tend to infinity.
We formulate a cost function in order to obtain the values of a, b, and c by
imposing geometric constraints on the symmetry axis for the given set of pairs of
mirror symmetric pixels. The first constraint is that the symmetry axis, ax+by+c =
0, should be perpendicular to the line segment, Li , joining the pixels (xli , yil ) and
(xri , yir ), therefore
a
− mi = −1 ⇒ a(yir − yil ) − b(xri − xli ) = 0, ∀i ∈ [p].
(2.2)
b
The second constraint is that the reflection symmetry axis should pass through the
xl +xr y l +y r
mid-point ( i 2 i , i 2 i ) of the line segment joining the pixels (xli , yil ) and (xri , yir ),
therefore
(xl + xri )
(y l + yir )
a i
+b i
+ c = 0, ∀i ∈ [p].
(2.3)
2
2
Our goal is to find the value of the triplet (a, b, c) such that the symmetry axis
satisfies the Equations (2.2) and (2.3). Therefore, we define the cost, J(a, b, c), for
a particular choice of (a, b, c) as follows.
(
)2
1∑
2
m
r
l
r
l
(axm
+
by
+
c)
+
λ
a(y
−
y
)
−
b(x
−
x
)
.
(2.4)
i
i
i
i
i
i
2
i∈[p]

xl +xr

y l +y r

m
i
i
i
i
Here, xm
i =
2 , yi =
2 , and λ is the Lagrange multiplier. The limitation
with the above cost function is that if there are multiple symmetry axes present in
the image, then the cost function will have multiple minimum points and optimizing
it is a challenging problem. We overcome this limitation by using the unique characteristic of the symmetry axes. A symmetry axis is characterized by parameters, a, b
and c. If two symmetry axes are different, then the triplet (a, b, c) must be different
for both the axes. Hence, this property motivates us to perform the clustering on
the set S of MSPPs. We propose a novel algorithm called k-symmetry clustering
algorithm. We perform the k-symmetry clustering on the set S of detected MSPPs.
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2.2.3 k-symmetry Clustering Algorithm
The k-symmetry clustering algorithm is inspired from the idea of k-plane algorithm [20] for R2 . There are other works on fitting multiple models, which can
be used, such as [55, 205]. In comparison to the k-plane algorithm [20], in the ksymmetry clustering, the models to be fit are lines (symmetry axes). However,
the constraints are different as the data-points to be clustered are the MSPPs
rather than
{ just the points
}p in Euclidean space. As defined in Section 2.2.2, the
set S = ((xli , yil ), (xri , yir )) i=1 consists of the MSPPs. Our goal is to partition the
set S in k subsets (or clusters) S1 , S2 , . . . , Sk such that if we fit a line within each
cluster then this line should pass through the mid-point of the line segment joining the mirror symmetric pixels and it should be perpendicular to the line segment
joining mirror symmetric pixels present in that cluster. Let ai , bi , and ci be the
parameters of the symmetry axis approximated from the MSPPs of the cluster Si ,
where i ∈ [k]. We define the total cost of a particular partition S1 , S2 , . . . , Sk to
be
)2
∑ ∑ (
)2 (
m
ai x m
+ ai (yjr − yjl ) − bi (xrj − xlj ) .
(2.5)
j + bi yj + ci
i∈[k] j∈ZSi

Where, ZSi is the set of indices of pairs of mirror symmetric pixels in the subset
Si . Here, we have to find the optimal partition S1∗ , S2∗ , . . . , Sk∗ of the set S as
well as the symmetry axes for the optimal partition. First, we show how to find
the symmetry axes parameters given the optimal partition and then the optimal
partition itself. We vectorize the cost function defined in Equation (2.5) to simplify
it as follows.
∑
J(u1 , u2 , . . . , uk ) =
∥Xi ui ∥22 + ∥Yi ui ∥22 .
(2.6)
i∈[k]

[
]⊤
Here, ui = ai bi ci , and the matrices Xi and Yi
[
j th row of the matrix Yi is equal to yjr − yjl xlj − xrj
[
]
yjm 1 , ∀((xlj , yjl ), (xrj , yjr ))
matrix Xi is equal to xm
j

are defined such that the
]
0 and the j th row of the
∈ Si . Here, xm
j =

y l +y r

xlj +xrj
2

and yjm = j 2 j . Since the cost J is convex (the proof is given as Claim 2.6.1
in Appendix 2.6) in symmetry axes parameters, it is easy to find the symmetry
axes( parameters
for a particular
) partition S1 , S2 , . . . , Sk , by setting the gradient
∑
2
2
∇ui
i∈[k] ∥Xi ui ∥2 + ∥Yi ui ∥2 with respect to ui of the cost function to be equal
to zero. Therefore,
⊤
(X⊤
(2.7)
i Xi + Yi Yi )ui = 0, ∀i ∈ [k].
Equation (2.7) is a homogeneous system of linear equations Bi ui = 0, ∀i ∈ [k].
⊤
Where, Bi = X⊤
i Xi + Yi Yi , ∀i ∈ [k]. The system Bi ui = 0 always has always a
trivial solution, 0. However, we are interested in a non-trivial solution. We observe
that if ui is the solution then sui is also a solution for all scalars s. Therefore, we
enforce the constraint on ui that is ∥ui ∥22 = 1. Hence, in order to find the desired
non-trivial solution, we solve the following optimization problem.
u∗i = arg min ∥Bi ui ∥22 s.t. ∥ui ∥22 = 1, ∀i ∈ [k].
ui

(2.8)

As shown in ([50], p592) the solution is the eigenvector of B⊤
i Bi corresponding
Rajendra Nagar
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Algorithm 1 k-symmetry
{
}p
1: Input: the set S = ((xli , yil ), (xri , yir )) i=1 .
2: Initialize ui , ∀ i ∈ [k] as described in Section 2.2.3.
3: while not converged do
4:
for ∀ i ∈ [k] do
5:
Determine the set of pairs M which are the nearest to the ith symmetry
axis.
2
2
⊤
6:
Si ← {M ∈ S : di < dj ∀j ∈ [k]\{i}}, where di = u⊤
i x 2 + ui y 2 ,
[
]
[
]
m y m 1 ⊤ , and y = y r − y l xl − xr 0 ⊤ ,
2
⊤
2
dj = ∥u⊤
j x∥2 + ∥uj y∥2 , x = x
xm =

xl +xr
2 ,

and y m =

y l +y r
2 .

Construct the matrices Xi and Yi (as defined in Section 2.2.3) using the
pairs in the set Si .
⊤
8:
Bi ← X⊤
i Xi + Yi Yi .
7:

ui ← eigenvector of B⊤
i Bi corresponding to the smallest eigenvalue.
10:
end for
11: end while
12: Output: S1∗ , S2∗ , . . . , Sk∗ and u∗1 , u∗2 , . . . , u∗k .
9:

to the least eigenvalue. Now, the question we ask is that how to find the optimal
partition S1∗ , S2∗ , . . . , Sk∗ that leads to the minimum error defined in Equation
(2.5)? If we follow the brute force approach, there are k N possible partitions and
then checking that for which partition the cost J achieves minimum is a computationally intractable problem. Therefore, we follow the approximation algorithm
similar to the k-means clustering algorithm [87]. We first initialize the symmetry
axes parameters and then assign each MSPP to its nearest symmetry axis. We
update the symmetry axes parameters from the pairs assigned to it. We, again,
assign each MSPPs to its nearest symmetry axis. We, again, update the symmetry
axes parameters from the pairs assigned to it. We keep repeating these steps till
convergence.
Initialization: In order to initialize the parameters ar , br , cr ∀r ∈ [k], first for
each pair Mj = (xlj , xrj ) = ((xlj , yjl ), (xrj , yjr )) ∈ S, we determine the symmetry axis
xr +xl

y r +y l

ℓj : aj x+bj y +cj = 0 which passes through the mid-point ( j 2 j , j 2 j ) and perpendicular to the vector joining the pixels (xlj , yjl ) and (xrj , yjr ). The parameters aj , bj
and cj can be found easily. For each axis ℓj , we determine the number of inlier
MSPPs. We say that a MSPP Mi = (xli , xri ) is inlier to the symmetry axis ℓj , if the
vector joining the mirror symmetric pixels xi and yi is perpendicular to the line ℓj
xl +xr

and the mid-point i 2 i lies on the line ℓj . Practically, both these conditions are
hard to satisfy. Therefore, we say that a pair Mi is inlier to the symmetry axis ℓj ,
defined by the MSPP (xlj , xrj ), if it satisfies the following set inclusion properties.
[
]
|dlji |
−bj
l
r
◦
◦
∠(
, xi − xi ) ∈ (90 − ϵθ , 90 + ϵθ ), r ∈ (1 − ϵd , 1 + ϵd ).
aj
|dji |
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Here, dlji and drji are the distances of the pixels xli and xri from the axis ℓj respectively
and ϵθ and ϵd represents the tolerance parameters (we empirically choose ϵθ = 2◦
and ϵd = 0.05). After determining the number of inlier pairs for each candidate axis,
we choose top k symmetry axes having maximum number of inlier points. We now
update the axes parameters.
Update: We assign each MSPP M = {(xl , y l ), (xr , y r )} to the nearest symmetry
axis. The set Si = {M ∈ S : di < dj , ∀j ∈ [k]\{i}} contains all the inlier MSPPs
2
2
⊤
2
⊤
2
⊤
to the ith symmetry axis, where di = ∥u⊤
i x∥2 + ∥ui y∥2 , dj = ∥uj x∥2 + |uj y∥2 ,
[ m m ]⊤
[ r
]
l
r
⊤
y l +y r
m
y
1 , y = y − y l xl − xr 0 , xm = x +x
x= x
2 , and y =
2 . Now,
from these pairs of mirror symmetric pixels in the set Si , we update the parameters
of the symmetry axis or cluster center by solving the optimization problem defined in
Equation (2.8). First, we form the matrices Xi and Yi from the MSPPs indexed by
the indices in the set ZSi . We, then, update the cluster center ui as the eigenvector
⊤
corresponding to the lowest eigenvector of the matrix B⊤
i Bi , where Bi = Xi Xi +
⊤
Yi Yi .

(a)

(b)

(c)

60

Elbow Point

40
20
0
2

(d)

4

6

(e)

Figure 2.1. (a) SIFT keypoints, (b) Set of MSPPs, black colored pixel represents the
mid-point of red colored mirror symmetric pixels joined by light blue colored line, (c)
Different clusters of pairs of mirror symmetric points are colored with different colors,
(d) The detected symmetry axes by the proposed method, and (e) The optimal error vs
k curve to determine the number of optimal axes present in the image.

After updating the current estimate of symmetry axis for each cluster, we again
assign all the MSPPs to the nearest symmetry axes and update the estimates of
symmetry axes. We keep repeating this procedure until convergence (proof of convergence is provided in Claim 2.6.2 in Appendix 2.6). In Algorithm 1, we present
Rajendra Nagar
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all the steps of the k-symmetry algorithm. In order to choose the hyper-parameter
k, we follow the elbow point method (similar to the k-means clustering [140]). In
Figure 2.1, we show all the steps of the proposed approach using an example image.
In Figure 2.2, we show the detected reflection symmetry axes for a synthetic image
and a real image.

Figure 2.2. Input image, the set of MSPPs, different clusters of MSPPs are colored with
different colors, and the detected symmetry axes by the proposed method.

2.3

Embedding Symmetry as Cliques in a Graph

The main theme of most of the existing methods, e.g., [89], [38], is to detect the
keypoints and describe each keypoint using a descriptor and a mirrored descriptor.
Two keypoints are said to be mirror symmetric keypoints if the original descriptor
of one keypoint and the mirrored descriptor of the other keypoint are similar. However, the keypoint detection based methods suffer from the following issue. The
background pixels around the mirror symmetric pixels lying on the boundary of an
object can be different. Therefore, their descriptors can be different. However, the
boundary of a symmetric object is a major component of global reflection symmetry.
We exploit the estimated boundary of the object and describe a boundary pixel using
only the estimated normals of the boundary segment around the pixel. We embed
the symmetry axes in a graph as cliques to robustly detect the symmetry axes and
show that the proposed method compares favorably with the other state-of-the-art
methods.
To detect the global reflection symmetry of an object, we use the fact that it is
mainly defined by its boundary. Finding perfect boundaries is a hard problem and
the boundaries of non-symmetric objects are also detected. This makes the direct
reflecting and matching of boundaries approach to be ineffective. We construct
a graph where each node represents a pair of symmetric pixels and two vertices
share an edge if the symmetry axes defined by the corresponding pairs are similar.
We observe that a symmetry axis corresponds to a clique in this graph, i.e., the
vertices corresponding to the pairs of mirror symmetric pixels which define the
Ph.D. Thesis
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same symmetry axis form a clique. We detect all the symmetry axes iteratively by
detecting dominant clique and removing it from the graph and recursively finding
the next dominant clique. Our approach achieves state-of-the-art performance on
the latest dataset [45]. Our main contributions are the following.
1. A novel boundary orientation based method for detecting pairs of symmetric
pixels.
2. Construction of a graph where each symmetry axis is embedded as a clique.
3. Detection of the axes by finding all the dominant cliques which are robust to
the outlier boundaries.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 2.3. Preprocessing of boundary map. (a) Input image, (b) UCM boundary map,
(c) removing junctions to make boundaries valid curves, (c) the extracted dominant
boundary from the cluttered boundary map, (e) zoomed UCM map, (f) zoomed UCM
after junctions removal, and (g) zoomed dominant boundary.

2.3.1 Detecting Pairs of Reflection Symmetric Pixels
The most important step of the symmetry axis detection is to find the pairs of pixels
which are mirror reflections of each other. Our main observation is that the global
reflection symmetry of an object is mainly defined by its boundary. We describe
each boundary pixel using the orientation of the boundary segment passing through
the pixel. Therefore, our first step is to automatically detect the boundary of the
objects present in the input image. Let I be the input image. In order to estimate the
boundaries of the objects present in an image, we use the contour based approach [7]
(any edge detection method can be used for this step). We represent the boundary
map as ultrametric contour map (UCM). Let E be the boundary map for the input
image I. We observe that the boundary of the symmetric object is connected to the
various other outlier boundaries as depicted in Figure 2.3(b) and (e). We describe
each pixel using the boundary segment (represented as a curve) passing through
Rajendra Nagar
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it. Hence, we first preprocess the UCM boundary map such that the boundaries of
the objects can be represented as curves, i.e., no branchings. We first detect the
junction pixels which are the pixels such that the boundary strength is maximum
in the 3 × 3 neighborhood and the number of pixels in the 3 × 3 neighborhood for
which the boundary map has non-zero value is greater than or equal to 4. Then, to
be able to represent a boundary as a curve, we set the boundary strength to zero of
pixels in the 3 × 3 neighborhood of the junction pixels for which the boundary score
is non zero and the boundary strength is not maximum. In Figure 2.3(c) and (f),
we show this step. We observe that we are able to extract the complete boundary
of the object which can be represented as a curve, i.e., no branching, from the
cluttered outlier boundaries. Further, let F be the set of all boundary pixels. The
boundary map may not contain the complete boundary of the symmetric object due
to occlusions and noise. Therefore, we consider a fixed length boundary segment
around each pixel.
In order to find the pairs of reflection symmetric pixels, we first describe each
boundary pixel pi ∈ F by using the normals of the boundary segment passing
through the pixels pi . Let bi : [0, 1] → F be the boundary segment of length q
pixels (represented as curve) passing through the pixel pi such that bi (0.5) = pi ,
i.e., pi is the mid-point of the boundary segment curve bi . If the two pixels pi and
pi′ are mirror reflections of each other, then they define a symmetry axis. Now, let
ni (t) be the normal to the curve bi and ni′ (t) be the normal to the curve bi′ at t.
Further, let bri be the reflection of the curve bi about the symmetry axis defined by
the pair of pixels pi and pi′ .Then, it is easy to observe that the angle between the
normal nri (t) to the curve bri at t and the normal ni′ (t) to the curve b′i at t is equal
to 0◦ for all t ∈ [0, 1]. Similarly, let bri′ be the reflection of the curve bi′ about the
symmetry axis defined by the pair of pixels pi and pj .Then, the angle between the
normal nri′ (t) to the curve bri at t and the normal ni (t) to the curve bi at t is equal
to 0◦ for all t ∈ [0, 1]. Therefore, the pixels pi and pi′ form a pair of reflection
symmetric pixels, if
∫ 1
(
)
(
)
cos−1 (nri (t))⊤ ni′ (t) + cos−1 (nri′ (t))⊤ ni (t) dt = 0.
(2.9)
0

For the case of perfect symmetry, Equation (2.9) holds true. However, due to the
presence of noise and illumination variations, this might not hold true in practice.
Therefore, we say that the pixels pi and pj form a pair of reflection symmetric
(
)
(
)
∫1
pixels if the value 0 cos−1 (nri (t))⊤ ni′ (t) + cos−1 (nri′ (t))⊤ ni (t) dt < θ. We chose
θ = 5◦ in all our experiments. In Figure 2.4, we show a graphical illustration of the
curve reflection process and measurement of the similarity between the normals.

2.3.2

Detecting Reflection Symmetry Axes

Our goal is to detect all the symmetry axes using the set of detected pairs of mirror symmetric pixels which possibly contain outlier pairs. First, we cluster the
pairs of mirror symmetric pixels. And then, we find the symmetry axis in each
cluster separately. Let {(pi , pi′ )}vi=1 be the detected v pairs of mirror symmetric
pixels. We construct an undirected graph G = (V, E), where each vertex vi in
the vertex set V corresponds to the pair (pi , pi′ ). We connect the vertices vi and
Ph.D. Thesis
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vj by an unit weight edge if the symmetry axes Li and Lj , defined by the pairs
(pi , pi′ ) and (pj , pj ′ ) respectively, are similar. We define the similarity between
the symmetry axes as follows. Let brji be the reflection of the curve bj through
the symmetry axis Li and nrji (t) be its normal at t. Similarly, let brij be the reflection of the curve bi through the symmetry axis Lj and nrij (t) be its normal at
t. If the symmetry axes Li and Lj are similar, then the angle between the normals nrji (t) and nj ′ (t) is equal to 0◦ and the angle between the normals nrij (t) and
◦
ni′ (t) is equal
we (
create an edge between
the vertices vi and vj ,
)
)
( to 0 . Therefore,
∫1
⊤
⊤
r
−1
r
−1
(nji (t)) nj ′ (t) + cos
(nij (t)) ni′ (t) dt < θ. We observe that each
if 0 cos
3
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Figure 2.4. Illustration of pairs of mirror symmetric pixels detection approach. (a) Three
curves bi (t), bj (t), and bk (t). (b) Reflection of the curves bi (t), bj (t) about the symmetry
axes Lki and Lji defined by the pairs (bk , bi ) and (bk , bj ), respectively. (c)-(d) The
normals nki , nkj , nk to the curves bki , bkj , and bk , respectively, shown on the curve bk
for better comparison.

clique in the graph G corresponds to the set of pairs of mirror symmetric pixels
belonging to the same symmetry axis. We further, observe that each outlier pair
do not make edge with any other pairs, therefore the outlier pairs remain isolated
vertices in the graph G. Therefore, our goal is to find the first k dominant cliques of
the graph G in order to find all the k reflection symmetry axes of an input images.
However, finding clique in a graph is an NP-complete problem, hence we find the
approximate solution as follows. A clique in the graph G is a subset C of the vertex
set V such that every pair of vertices in C are connected by an edge. It is a well
known result that a clique is equivalent to an independent set in the complement
graph of the graph G ([66]). The complement graph Ḡ = (V̄, Ē) of the graph G is
the graph such that V̄ = V , (u, v) ∈ E ⇒ (u, v) ∈
/ Ē, and (u, v) ∈
/ E ⇒ (u, v) ∈ Ē.
An independent set in the graph Ḡ is a subset I of the vertex set V̄ such that no
two vertices in I are adjacent. Furthermore, the independent set is complement of
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the vertex cover ([66]). A vertex cover of an undirected graph Ḡ is a subset Vc of
vertices of V̄ such that if (vi , vj ) is an edge in Ḡ, then either vi ∈ V̄ or vj ∈ V̄ or
both vi , vj ∈ V̄. We solve the following integer linear program (ILP) to find the
minimum vertex cover.
Algorithm 2 Symmetry Detection
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:

Input: Graph I, k=number of symmetry axes.
Find the boundary map and preprocess it such that each boundary can represented as curve.
Find the pairs of reflective symmetric pixels.
Construct the graph G.
for i ∈ {1, 2, . . . , k} do
Construct complement graph Ḡ of graph G.
Find minimum vertex cover Vc of Ḡ by solving the problem defined in Equation (2.11).
I = V̄\Vc .
Pi = {(pj , pj ′ ) : j ∈ I}.
Remove vertices I from the graph G and edges incident on them.
end for
k sets of pairs of mirror symmetric pixels {Pi }ki=1 .
Find axis of symmetry for each set separately.

min
s.t.

∑
v∈V̄

xv

xu + xv ≥ 1

∀(u, v) ∈ Ē

xv ∈ {0, 1}

∀v ∈ V̄.

(2.10)

Here, the binary variable xv is equal to 1, if the vertex v is in the vertex cover Vc
and 0, otherwise. The constraint xu + xv ≥ 1 ensures that at least one vertex of
the edge (u, v) ∈ Ē is included in the vertex cover. We rewrite the above ILP in the
standard form as below.
argmin 1⊤ x subject to Ex ≥ 1,
x

x ∈ {0, 1}|V̄| .

(2.11)

Here, 1 is a vector of size |V̄| with all elements equal to 1 and the matrix E ∈
{0, 1}|Ē|×|V̄| is the edge incident matrix such that E(e, v) = 1 if the e-th edge is
incident on the vertex v and 0, if the e-th edge is not incident on the vertex v. The
vertex cover problem is an NP-hard problem. Therefore, we use the best known
approximation which is 2-approximation obtained by relaxing the integer linear
program in Equation (2.11) to a linear program. In the relaxed program, each
variable takes value in [0, 1], i.e., x ∈ [0, 1]|V̄| . We obtain the final solution by an
optimal thresholding approach. If xi ≥ 0.5, then xi = 1, otherwise xi = 0. Let
Vc be the vertex cover found. Then, the independent set I = V̄\Vc and the clique
C = I. We remove all the vertices of the clique C from the graph G and all the edges
incident on them. Then we find the next dominant clique in the remaining graph.
We find the first k dominant cliques by following the above procedure. We present
the complete procedure in Algorithm 2.
Ph.D. Thesis
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We use the detected pairs of mirror symmetric pixels to detect the symmetry
axes of the reflective symmetric objects present in the input image. We represent the
detected pairs of mirror symmetric pixels as the collection of sets {Pi }ki=1 such that
each set Pi contains pairs of mirror symmetric pixels which are symmetric about the
same axis. Each pair (pj , pj ′ ) ∈ Pi defines its own symmetry axis which is the line
pj +pj ′
and is perpendicular to the vector pj − pj ′ . Since
passing through the point
2
all the pairs in the set Pi belong to the same symmetry axis, the symmetry axes
defined by all these pairs should be similar. Hence, the best symmetry axis, which
is close to all the candidate symmetry axes, is the average line passing through the
∑
∑
pj +p ′
point (pj ,p ′ )∈Pi 2|Pi |j and is perpendicular to the vector (pj ,p ′ )∈Pi (pj − pj ′ ).
j
j
In Figure 2.5, we show the result for 14 images with a single symmetric object in the
first two rows and 11 images with multiple symmetric objects in the last two rows
from the dataset [45]. We observe that the symmetry detected in all these examples
is due to the pairs of mirror reflection symmetric boundary pixels except the 14-th
image of single symmetry axis.

Figure 2.5. Symmetry axes detection results on the dataset [45]. First two rows: single
symmetry axis. Last two rows: multiple symmetry axes.

2.4 Results and Evaluation
We use the dataset in [45] to test and evaluate our methods. We compare our
methods with the state-of-the-art methods [38], [26], and [89] for single symmetry
axis detection and with the state-of-the-art methods [38], and [89] for the multiple symmetry axes detection on the dataset [45]. The method by [26] can only
find single symmetry axis, therefore, we do not compare with this method for the
Rajendra Nagar
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multiple symmetry case. We use the metrics F-score, precision vs recall curves
used in [45] to compute the precision and recall values. The F-score is defined as
2tp
F = 2tp+f
p+f n , where, tp = number of correctly detected axes, f p = number of
incorrectly detected axes, and f n = number missed ground-truth axes. Let ℓg be
the ground truth symmetry axis represented by the start point (xg0 , y0g ) and the end
point (xg1 , y1g ). Similarly let ℓe be the estimated symmetry axis with the starting
point (xe0 , y0e ) and the end point (xe1 , y1e ). Then, the detected symmetry axis ℓe is
correct if the angle between the lines ℓg and ℓe is less than θt , and the distance
between the center points of the√line segments ℓg and ℓe is less than the threshold

dt . I.e., ∠(vg , ve ) < θt , and 21 (xg0 + xg1 − xe0 − xe1 )2 + (y0g + y1g − y0e − y1e )2 < dt .
[
]⊤
[
]⊤
Here, vg = xg0 − xg1 y0g − y1g , ve = xe0 − xe1 y0e − y1e . We choose dt =
0.025 × min{w, h} and θt = 3◦ . Here, w and h are the width and height of the
input image. For the case of multiple symmetry axis, we count only one correct
detection if there are multiple correct detections for a single ground truth symmetry axis. In Figure 2.6, we show the recall vs precision curves and the maximum
F -score, represented as a big point on each curve, for all the methods. We observe that the boundary origination based approach achieves the state-of-the-art
performance on the dataset in [45] for multiple symmetry axes detection and the
second-best performance for single symmetry axis detection.
2D Reflection Symmetry - Single
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Loy and Eklundh F=0.32
Elawady et al. F=0.21
Multiple model fitting F=0.20
Graph embedding F=0.37
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0.8

2D Reflection Symmetry - Multiple
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Loy and Eklundh F=0.61
Cicconet et al. F=0.70
Elawady et al. F=0.61
Multiple model fitting F=0.34
Graph embedding F=0.68
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Figure 2.6. Recall vs Precision curves for Elawady et al. [38], Cicconet et al. [26], Loy
and Eklundh [89], the multiple model based approach, and the graph embedding based
approach on the dataset [45] for single symmetry axis (left) and multiple symmetry axes
(right) detection. We report the maximum F-score in the legends.

2.5

Conclusions

In this Chapter, we have presented two efficient methods for the detection of reflection symmetry axes of all the symmetric objects present in the given image. In the
first method, we have used the keypoits for detecting the pairs of reflective symmetric points and the proposed a novel k-symmetry algorithm to robustly find the
symmetry axes. In the second method, we have used the fact that the boundary
of a symmetric object significantly determines the global reflection symmetry of a
Ph.D. Thesis
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symmetric object. This approach has a clear advantage over the methods using keypoint and their descriptors defined using the neighbor pixels. We further embedded
the reflection symmetry in a graph where each clique in this graph corresponds to
a particular symmetry axis. We achieved the state-of-the-art performance on the
benchmark dataset for multiple symmetry axes and the second-best performance
for single symmetry axis detection.

2.6 Appendix
Claim 2.6.1. The cost function, defined in Equation (2.5), is convex in symmetry
axes parameters for a given partition S1 , S2 , . . . , Sk of the set S containing pairs
of mirror symmetric points.
Proof. We recall that the cost function is defined as follows:
J(u1 , u2 , . . . , uk ) =

k
∑

∥Xi ui ∥22 + ∥Yi ui ∥22 .

(2.12)

i=1

Now it is sufficient to show that the Hessian matrix of the cost function J is positive
semi-definite for J to be a function convex. Let us find the Hessian matrix of the
cost function as follows.
⊤
∇ui J(u1 , u2 , . . . , uk ) = 2X⊤
i Xi ui + 2Yi Yi ui .

Therefore,

⊤
Hi = 2X⊤
i Xi + 2Yi Yi , ∀i ∈ [k].

⊤
⊤
⊤
Here the matrices Hi , ∀i ∈ [k] are symmetric since (X⊤
i Xi + Yi Yi ) = Xi Xi +
⊤
3
Yi Yi , and positive semi-definite since for any vector p ∈ R ,
⊤
p⊤ Hi p = p⊤ (X⊤
i Xi + Yi Yi )p
⊤ ⊤
= p⊤ X⊤
i Xi p + p Yi Yi p

= (Xi p)⊤ Xi p + (Yi p)⊤ Yi p
= ∥Xi p∥22 + ∥Yi p∥22
≥ 0.

(2.13)

The Hessian matrix for the cost function J is


H1 03×3 . . . 03×3
03×3 H2 . . . 03×3 


H= .
..
..  .
..
 ..
.
.
. 
03×3 03×3 . . . Hk
Here, 03×3 is a 3 × 3 matrix whose all entries are equal to zero. Now, let
[
]⊤
p⊤
. . . p⊤
p = p⊤
be any vector in R3k , where each pi ∈ R3 then
1
1
k
⊤

p Hp =

k
∑

p⊤
i Hi pi

(2.14)

i=1

≥ 0.
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Since, from Equation (2.13) the matrices Hi are positive semi-definite matrix ∀i ∈
[k]. Since the matrix H is positive semi-definite matrix, hence the cost function J
is a convex function.
Claim 2.6.2. The cost function of the k-symmetry clustering decreases after each
iteration of the k-symmetry clustering algorithm.
Proof. The cost function of the k-symmetry clustering is defined as follows. The
cost of a partition S1 , S2 , . . . , Sk of the set S is defined as
k ∑
∑
(

m
ai xm
j + bi yj + ci

)2

(
)2
+ ai (yjr − yjl ) − bi (xrj − xlj ) .

(2.16)

i=1 j∈ZSi
t−1
Let S1t−1 , . . . , Skt−1 be the partition and ut−1
be the cluster parameters
1 , . . . , uk
th
t
t
at (t − 1) iteration and S1 , . . . , Sk be the partition and ut1 , . . . , utk be the cluster
parameters at tth iteration. Given the partition at (t − 1)th iteration we go to the tth
iteration in two step. After updating each cluster centers we check if the convergence
has happened or not? If not, then in the first step we assign each pair of mirror
symmetric points to the nearest cluster and in the second step we update the cluster
centers (symmetry axes). We show that the cost decreases in both the steps.
We can write the cost of the k-symmetry clustering as follows

J(S1t , ut1 , . . . , Skt , utk )

=

k ∑
∑

t
x⊤
j ui

i=1 j∈ZS t

2
2

t
+ y⊤
j ui

2
2

.

(2.17)

i

[
]⊤
[
]⊤
[
]⊤
yjm 1 , and yj = yjr − yjl xlj − xrj 0 .
Where, ui = ati bti cti , xj = xm
j
Step 1: We assign all pairs of mirror symmetric points to the nearest clusters.
Let S1t , . . . , Skt be the new partition after this assignment with the cluster centers
t−1
ut−1
(we have not updated the cluster centers yet). Let us assume that
1 , . . . , uk
in the old partition the pair Mj = (xj , yj ) was assigned to the Sit−1
cluster having
1
t−1
t
center ui−1 and in the new partition it is assigned to the cluster Si2 having center
t−1
t
ut−1
i2 . We note that the pair Mj is assigned to the cluster Si2 from cluster the Si1
because
t−1
x⊤
j ui2

2
2

t−1
+ y⊤
j ui2

2
2

t−1
≤ x⊤
j ui1

2
2

t−1
+ y⊤
j ui1

2
2

,

(2.18)

and is true for all the pairs therefore we have that
t−1
t−1
t−1
t−1
t−1
t
J(S1t , ut−1
1 , . . . , Sk , uk ) ≤ J(S1 , u1 , . . . , Sk , uk ).

(2.19)

Step 2: We update the cluster center ut−1
of each cluster Sit to the new cluster
i
center uti by solving for the optimization problem defined in Equation (2.8) . Here
we note that
∑
2
2
(2.20)
+ y⊤
ut−1
= arg min
x⊤
j ui
j ui
i
ui
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and
uti = arg min
ui

∑

x⊤
j ui

j∈ZS t

2
2

+ y⊤
j ui

2
2

(2.21)

.

i

Therefore, we have the following inequality from the above Equations (2.20) and
(2.21)
∑

t
x⊤
j ui

j∈ZS t
i

2
2

t
+ y⊤
j ui

2
2

≤

∑
j∈ZS t

t−1
x⊤
j ui

2
2

t−1
+ y⊤
j ui

2
2

.

(2.22)

i

The above inequality defined in Equation (2.22) hold for all the i ∈ [k]. Therefore,
by summing over all i ∈ [k] we have that
t−1
t
J(S1t , ut1 , . . . , Skt , utk ) ≤ J(S1t , ut−1
1 , . . . , Sk , uk ).

(2.23)

Therefore, from Equations (2.19) and (2.23) we conclude the following inequality,
which proves our claim.
t−1
t−1
cJ(S1t , ut1 , . . . , Skt , utk ) ≤ J(S1t−1 , ut−1
1 , . . . , Sk , uk ).
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Chapter 3

SymmMap: Estimation of the
2-D Reflection Symmetry Map
Detecting the reflection symmetry axis of a symmetric object present in a given
image has been an active research problem in computer vision and graphics due
to its various applications such as low-level object features, modeling and editing
of 3D models, shape database retrieval, shape matching, shape segmentation [85,
106], symmetrization [104], texture synthesis and manipulation [65], and depth from
symmetry [70]. However, the problem of determining which pixel is the mirror
reflection of a given pixel and with how much confidence they qualify to be mirror
reflections of each other without explicitly knowing the symmetry axis present in the
image has not been studied in the past. In this chapter, we introduce the concept of
reflection symmetry map and design an algorithm to compute it. In the computation
of the reflection symmetry map (also referred as symmetry map), we determine the
mirror reflection for each pixel (Nearest Mirror Reflection Field (NMRF)) along
with the confidence by which they are mirror reflections of each other (Symmetry
Score Map (SSM)). Given an image with a symmetric object exhibiting reflection
symmetry along k distinct axes, there will be k NMRF and k SSM for that image.
We compute the symmetry score in addition to determining the mirror reflection
of each pixel because two pixels may not be exact reflections of each other due to
illumination variation, viewpoint change, and imaging noise.
The main contributions of this work are listed below.
1. We introduce the idea of 2D reflection symmetry map which is a collection
of two maps: NMRF which represents the mirror reflection of each pixel and
SSM which represents a confidence score for each pixel which is a measure of
similarity between the pixel and its mirror reflection.
2. We exploit the reflection symmetry coherency present in the image in order to
effectively compute the symmetry map using an approximate nearest neighbor
search randomized algorithm.
This chapter is based on the following publication.
Rajendra Nagar and Shanmuganathan Raman. “SymmMap: Estimation of the 2-D Reflection
Symmetry Map and its Applications”. In Proceedings of the IEEE International Conference on
Computer Vision Workshop “Detecting Symmetry in the Wild”, pp. 1715-1724. 2017.
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3. We show the importance of SSM by using it in image stylization where we try
to preserve details in the symmetric region and remove details in the other
regions.

3.1

Related Work

Computation of the reflection symmetry map for an input image has never been attempted directly before. However, there exist some works which explicitly calculate
partial maps. Most of the existing reflection symmetry detection methods either detect reflection symmetry axis [11, 10, 18, 52, 67, 82, 89, 94, 101, 110, 121, 148, 185]
or the reflection symmetry region [24, 158, 195, 95, 175, 43]. In [89], the authors
proposed Hough transform and a voting based approach to detect reflection symmetry axes through the matching of SIFT and mirrored SIFT descriptors. In [24],
the authors localized and segmented bilaterally symmetric object based on a symmetry growing method which uses photometric similarity and geometric consistency
present in the image. They propagated the pairs of symmetrically matched local features to their neighbors. However, they only compute the symmetric regions which
are just binary maps and do not compute the NMRF. In [52], the authors used
local symmetries such as bilateral and rotational symmetries in order to detect and
describe the local keypoints for the task of matching urban or architectural scenes.
They have also provided a symmetry distance measure for a given image only for
rotational, horizontal, and vertical symmetries. However, the symmetry present in
an image may not just be horizontal or vertical. Further, they do not compute
the NRMF. In [134], the authors segmented a symmetric object using a level-set
based approach which is a binary symmetry map. However, they do not compute
the continuous symmetry map and the NMRF. In [44], the authors computed the
continuous symmetry map using a graph-cut based approach. However, they do
not compute the NMRF. In this chapter, we compute the complete symmetry map
(NMRF and SSM) for multiple objects exhibiting different symmetry orientations.
We pose the problem of finding reflection symmetry map as an intra-image
pixel correspondence problem, which involves searching for the mirror reflection of
a pixel within the image itself. There exists a rich body of work on inter-image
correspondence [51]. In order to get faster nearest neighbor search, there exist
many methods for approximate nearest neighbor (ANN) search such as coherency
sensitive hashing [68], PatchMatch [13], an optimal algorithm for ANN searching
[9], and fast approximate nearest neighbors [112]. We propose a strategy similar to
PatchMatch [13] to solve this problem.

3.2

Estimation of Symmetry Map

Let w × h be the size of the input image I, let W = {1, . . . , w} and H = {1, . . . , h}
be two sets. We define the reflection symmetry map to be a collection of two maps
SSM (S) and NMRF (f). Here, f : W × H → W × H and S : W × H → [0, 1]. If
f : p 7→ pm , then the pixels p and pm are mirror reflections of each other with
symmetry score S(p), here, p, pm ∈ W × H. We define S(p) = 1 − ∥dm
pm − dp ∥.
Here dp is the normalized (unit norm) SIFT descriptor [88] of the pixel p, and dm
pm
Ph.D. Thesis
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is the normalized (unit norm) mirrored SIFT descriptor [89] of the point pm . Given
an input image I, our goal is to compute and visualize the reflection symmetry
map (S, f). If we follow a brute force approach to find the mirror reflection of each
point in the set W × H, then the computational complexity is O(d0 w2 h2 ). Here
d0 is the dimensionality of the local descriptor. The challenge here is to estimate
the symmetry map using an algorithm with lesser computational time. We follow
the randomized PatchMatch algorithm [13] to get the symmetry map in O(ed0 wh)
time. Here e << min{w, h} and e is the number of randomly sampled pixels in each
iteration. We use the reflection symmetry coherency present in the image along
with the PatchMatch algorithm to compute the symmetry map (S, f) as explained
in this section.

3.2.1 Reflection Symmetry Coherency
In order to compute the symmetry score map, we exploit the reflection symmetry
coherency present in the image. If two pixels p and pm are mirror reflections of
each other, then any other pixel in the image should have a mirrored counterpart
m
on its location reflected across the axis/line passing through the pixel p 2+p with a
direction perpendicular to the vector pm − p. However, we observe that an image
may not be fully symmetric, since most of the objects do not have a square or a
rectangular boundary. This is because there might be a background region present
in the image. Due to this fact, symmetry coherency property will not hold true at
all the pixels.

3.2.2 Symmetric PatchMatch
In order to compute the reflection symmetry map SSM and NMRF (S, f), we have to
determine both S and f at every pixel location. In order to determine f, we need to
determine the mirror reflection pixel pm ∈ W ×H for each pixel p ∈ W ×H. We pose
the problem of determining f as an intra-image dense pixel correspondence problem.
We propose a PatchMatch [13] based randomized algorithm in order to solve this
correspondence problem. There are three steps involved in the proposed algorithm.
As the first step, for most of the pixels ( ≈ 99%), we initialize the mirror reflection
pixels randomly except a very few pixels for which we are able to accurately estimate
the mirror reflection pixels. In the second step, we propagate the candidate pairs
of pixels which are mirror reflections of each other to their neighbors. In the third
step, we improve the estimate of mirror reflection for each pixel by searching for a
better estimate from a set of randomly sampled pixels in the neighborhood region
of the current estimated mirror reflection pixel. We discuss each of these steps in
detail below.
Initialization
In order to initialize the mirror reflection pixel to each pixel, we assign random mirror
reflection pixels to most of the pixels except a few pixels for which we determine
approximate mirror reflection pixels. We find the candidate pairs of pixels which
are mirror reflections of each other as proposed in [89]. Let Q = {pi }ni=1 be the set
n
of n keypoints detected using the SIFT algorithm [88]. Let {dpi }ni=1 and {dm
pi }i=1
Rajendra Nagar
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Figure 3.1. (a) A pixel may have more than one mirror reflection pixels, (b) The midpoints of the detected pairs of mirror symmetric pixels without outlier rejection, (c)
The three clusters of inlier pairs of mirror symmetric pixels after performing the outlier
rejection and clustering, and (d) The histogram of directions of vectors joining mirror
symmetric pixels in the orange colored cluster.

be the sets which consist of the original SIFT descriptors and the mirrored SIFT
128 , p ∈
descriptors of the pixels in the set Q respectively. Here dpi , dm
i
pi ∈ R
2
R , ∀i ∈ {1, 2, . . . , n}. For each pixel pi ∈ Q, we determine the neighbors having
m
m
distances less than a predefined threshold (we set to 0.1). Let {pm
i1 , pi2 , . . . , pini }
be the set of the nearest (distance between SIFT descriptor and mirrored-SIFT
descriptor) mirror reflections of the pixel pi . Then, this pixel pi produces ni pairs of
m
m
mirror symmetric pixels, {(pi , pm
i1 ), (pi , pi2 ), . . . , (pi , pini )}. We consider more than
one nearest reflection pixels since a pixel can participate in symmetry over more
than one axis. For example, consider Figure 3.1(a) in which the pixel pi has three
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m
m
mirror reflection pixels {pm
i1 , pi2 , pi3 }. In Figure 3.1(b), we show the mid-pixels of
the detected pairs of mirror symmetric pixels. We observe that a significant number
of pairs are outliers. For the example image considered (having three symmetry
axes) in Figure 3.1, ideally the mid-points of all such pairs should lie on three lines
but they are distributed almost throughout the image. We follow the RansaCov
approach proposed in [93] for outlier rejection and clustering of the detected pairs
of mirror symmetric pixels.
Clustering pairs of mirror symmetric pixels: Let M = {(pi , pm
ij ) : j ∈
{1, . . . , ni }, i ∈ {1, . . . , n}} = {M1 , M2 , . . . , Mp } be the set of detected candidate
pairs of mirror symmetric pixels. Here Mi is a pair of mirror symmetric pixels. Each
symmetry axis in an image gives us one reflection symmetry map. Hence, in order
to find the reflection symmetry map for all the symmetry axes present in the image,
we cluster these pairs such that the mid-points of all the pairs within a cluster lie
on a line and the vectors joining the mirror symmetric pixels of the pairs present in
a cluster have the same direction. We observe that most of the pairs in the set M
are outliers (see Figure 3.1(b)). Hence, a robust model fitting is inevitable.
There exist many methods for multiple model fitting, such as energy based
method [55], sequential RANSAC [178], J-Linkage [169], T-Linkage [91], robust
preference analysis [92], and random cluster model simulated annealing [124]. We
follow the best suitable method for our problem given by [93] and discuss the framework below.
For each pair Mi = (pi , pm
axis, ℓi : ai x + bi y + ci = 0,
i ), we find the symmetry
p +pm
which is a line passing through the mid-point i 2 i and perpendicular to the vector
pi − pm
i . Here, the mid-point and the vector joining the mirror symmetric pixels
are known and thereby determine the symmetry axis fully. Now, we find the pairs
in the set M\{Mi } which agree with the symmetry axis ℓi with some tolerance
(ϵd , ϵθ ). A pair (pj , pm
j ) agrees to the symmetry axis ℓi if it satisfies the inequalities
defined in Equation (3.1).

(
arccos

[
]
ai bi (pj − pm
j )
[
]⊤
ai bi
pj − pm
j
2

)
< ϵθ and
2

min{d1 , d2 }
> 1 − ϵd .
max{d1 , d2 }

(3.1)

Here, d1 and d2 are the distances of the pixels pj and pm
j from the line ℓi and ϵθ and
ϵd are the tolerance parameters. We set ϵd to 0.03 and ϵθ to 2◦ in our experiments.
See Figure 3.2 for a graphical illustration. Let Ii be the set of pairs which satisfy
the inequalities defined in Equation (3.1) and let I = {I1 , I2 , . . . , Ip } be the set
containing such sets for all the pairs Mi , ∀i ∈ [p]. Here, each set Ii represents a
cluster of pairs agreeing with the symmetry axis defined by the pair Mi . However,
out of these p sets only k are desired. Here, k is the number of symmetric objects
present in the image. The observation is that the number of pairs in each set are
only a few. A few sets, as exceptions, contain a sufficient number of pairs because
most of them are outliers and an outlier may not agree to the symmetry axis defined
by another outlier. Therefore, we frame this problem of selecting k out of p sets as
the maximum set coverage problem where we try to cover as many possible pairs as
possible only using k sets.
We formulate this maximum set coverage problem as an integer linear program
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Figure 3.2. Illustration of a pair (pj , pm
j ) agreeing to the symmetry axis ai x + bi y + ci = 0
defined by the mid-point and the vector joining the pixels of the pair (pi , pm
i ).

as below.
max
subject to

p
∑
i=1
p
∑

yi
zj ≤ k

j=1

∑

zj ≥ yi , ∀Mi ∈ M

j:Ij ∋Mi

0 ≤ yi ≤ 1, zj ∈ {0, 1}.

(3.2)

Here, the variable yi is equal to 1, if the pair Mi is in one of the returned subsets
and equal to 0, otherwise. The first constraint indicates that the number of returned
subsets cannot be more than k. The second constraint indicates that, if yi ≥ 0, then
at least one subset Ij is selected such that Mi ∈ Ij . Here, zj = 1, if the set Ij is
selected and zj = 0, if the set Ij is not selected. In order to solve the above integer
linear program, we use [93].
Let C1 , C2 , . . . , Ck be the resulting k clusters containing pairs of mirror symmetric
pixels. Let Li and Ri be the sets of left and right side pixels of pairs in the cluster Ci ,
∀i ∈ {1, 2, . . . , k}, respectively. We assume that the number of symmetric objects,
k, present in the image is known. In Figure 3.1(c), we show the resulting clusters.
Each cluster represents a unique symmetry axis. Therefore, we find the symmetry
map (Sh , fh ) for each cluster Ch , h ∈ {1, . . . , k}, separately. We initialize the mirror
reflections of the pixels in the set Lh to the pixels in the set Rh and vice versa. We
randomly initialize the mirror reflections for all the pixels in the set {W × H}\{Lh ∪
Rh }. We further observe while doing experiment that |Lh ∪ Rh | << |W × H|. Here,
|.| represents the cardinality of a set.
Propagation
Since we assign the correct mirror reflection pixels only for a few pixels in the
initialization step our goal is to propagate such initializations to the neighboring
pixels. If these inlier pairs were ideal, we could have directly found the mirror
reflection of a pixel by reflecting it through any of the inlier pairs. This situation
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is shown graphically in light gray color in Figure 3.3(a). However, we observe that
these inlier pairs of mirror symmetric pixels are not ideal as the mid-points of all
the mirror symmetric pixels are not collinear and the vectors joining these mirror
symmetric pixels do not point in the identical direction. For example, consider the
histogram, shown in Figure 3.1(d) of the directions of the vectors joining mirror
symmetric pixels in the orange cluster where all the directions are not identical.
Therefore, we consider more than one pair to find the correct mirror reflection pixel.
Let Ch be the cluster under consideration and pi be the pixel under consideration.
We randomly select two pixels pj , pk ∈ Lh . Let dij and dik be the distances of the
m
m
pixels pj and pk from the pixel pi , respectively. Let pm
i , pj , and pk be the current
estimated mirror reflection pixels of the pixels pi , pj and pk , respectively. Let θij
be the angle between the vectors pi − pj and pm
j − pj and θik be the angle between
m
the vectors pi − pk and pm
−
p
.
Now,
we
consider
the two pixels pm
k
ij and pik such
k
m
m
that the pixel pm
ij is located at distance dij and the vector pij − pj makes an angle
m
m
θij with the vector pj − pj . Similarly, the pixel pik is located at distance dik and
m
m
the vector pm
ik −pk makes an angle θik with the vector pk −pk . Consider the Figure
3.3(b) for a graphical illustration of this concept. We search for a better estimate
of the mirror reflection pixel of the pixel pi by exploiting the symmetry coherency
m
property. According to symmetry coherency property, if (pj , pm
j ) and (pk , pk ) are
m
m
good matches, then (pi , pij ) and (pi , pik ) should also be good matches. Now, we
m
m
have three choices pm
ij , pik , and pi for the mirror reflection pixel of the pixel pi .
We choose the best reflection out of these three choices as given in Equation (3.3).
pm,p
=
i

arg min

∥dpi − dm
p ∥2 .

(3.3)

m
m
p∈{pm
ij ,pik ,pi }

Random Search
We observe that the mirror reflections of a pixel through all the pairs in the nearest
cluster are not identical. For example, consider Figure 3.3(c). The mirror reflection
pixels of a pixel pi through all the inlier pairs are shown. In the zoomed-in regions,
it is clearly visible that the mirror reflections are not concentrated on a single pixel
but are rather spread out spatially.
Therefore, after estimating a better mirror reflection pixel pm,p
of the pixel pi
i
in the propagation step, we try to improve the match further. We randomly select
e pixels in the circular region of radius r pixels (shown in Figure 3.3(b)) around the
[
]⊤
pixel pm,p
as S = {pm,p
+ rj }ej=1 ∪ {pm,p
i
i
i }. Here, rj = ρ cos(ψ) ρ sin(ψ) , and
ρ and ψ are random variables following uniform probability distributions, that is
ρ ∼ U(1, r), ψ ∼ U (0, 2π). In order to update the estimate pm,p
i , we choose the best
mirror reflection pixel from the set S as given below.

pm,r
= arg min∥dpi − dm
p ∥2 .
i

(3.4)

p∈S
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i
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dik
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(a)

pk

(b)
pi

(c)
Figure 3.3. (a) Consider the current estimated mirror reflections of pi and randomly
sampled two pixels pj and pk from the set Lh . Then we search for the best mirror
m
m
reflection for the pixel pi among the pixels pm
i , pij and pik , (b) We improve the current
estimate by searching for better reflection pixel from the randomly sampled pixels from
m
m
a circle around the best estimate among the pixels pm
i , pij and pik , and (c) the mirror
reflection of the pixel pi through all the inlier pairs of cluster Ch mirror symmetric
pixels.

Finally, we update the reflection symmetry map as per the equations below.
fh (pi ) = pm,r
i
fh (pm,r
i )

(3.5)

= pi

Sh (pi ) = e
Sh (pm,r
i ) = e

(3.6)

−∥dpi −dmm,r ∥22
p
i

−∥dpi −dmm,r ∥22
p
i

e

d2
p
− 2 i2 2
(w +h )σ
d

e

d2 m,r
p
− 2 i2 2
(w +h )σ
d

(3.7)
.

(3.8)

Here, dpi and dpm,r
are the distances of the pixels pi and pm,r
from the set I,
i
i
respectively. Here, we select the radius r to be equal to the radius of the region
in which the mirror reflections of pixel pi through all the inlier pairs lie. It can
be observed that r remains the same for all the pixels pi . Therefore, we calculate
it once for the whole process. We found this value on an average to be equal to
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10 pixels. However, it depends on the value of the tolerance parameters (ϵd , ϵθ ) (r
increases if we increase the value of any of them or both). We set e = 15.
The random search step is an essential part of the whole algorithm as it helps in
getting out of the local minima and it also helps in improving the current estimate of
the mirror reflection of a pixel. In the worst case, the current estimate may not get
improved but it can not get worse because the current estimate (obtained through
the propagation step) is also in the set S.

(a)

(b)

(c)

(d)

Figure 3.4. (a) Original image window, (b) Result of the mean mirror pixel (MMP)
approach, SSIM = 0.0345 and PSNR = 8.5299 dB, (c) Result of the best mirror pixel
(BMP) approach, SSIM = 0.5131 and PSNR = 15.4327 dB, and (d) Result of the
iterative random search (IRS) approach, SSIM = 0.5392 and PSNR = 16.1241 dB.

Other Schemes: Instead of the proposed iterative random search scheme, we
could use the below schemes. Let Ch be the cluster under consideration and pi be
m
m
the pixel under consideration. Let Qih = {pm
i1 , pi2 , . . . , pi|Ch | } be the set containing
m
mirror reflections of the pixel pi from all the pairs (pj , pm
j ), pj ∈ Lh , pj ∈ Rh ,
m
and j ∈ {1, 2, . . . , |Ch |}. Here, pij is the mirror reflection of the pixel pi through
the axis defined by the pair (pj , pm
j ). Mean mirror pixel (MMP): Assign mirror
m
m
reflection of the pixel pi to the mean of the pixels {pm
i1 , pi2 , . . . , pi|Ch | }. Best mirror
pixel (BMP): Assign mirror reflection of the pixel pi to argmaxp∈Qi ∥di − dm
p ∥2 .
h
We compare our main approach (termed Iterative Random Search (IRS)) with these
schemes in the Section 3.3 and show that IRS performs better. In Figure 3.4, we
show the output of theses strategies on an image patch.

3.3 Results and Evaluation
3.3.1 Results
In Algorithm 3, we present the complete symmetric-PatchMatch algorithm. In order
to visualize the NRMF, we represent the NMRF (f) by an HSV color image where
at each pixel p, we set the hue equal to the angle made by vector p − f(p) from
the origin, saturation equal to the magnitude of the vector p − f(p), and value
equal to the symmetry score S(p). Equivalently, the mirror image of the pixel p
is located in the direction equal to the hue (H) at pixel p, at a distance equal to
the saturation (S) at pixel p, and with a symmetry score equal to the value (V) at
pixel p. We represent the SSM (S) by a gray-scale image. In Figure 3.5, we show
an improvement in the computed symmetry map over the iterations. We observe
that even in one iteration we get many good matches, but still, it improves more
Rajendra Nagar
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Algorithm 3 Symmetric PatchMatch
Input: Image I containing an object with k symmetry axes.
1: Find the set M and the clusters C1 , C, . . . , Ck as discussed in Section 3.2.
2: for all the clusters (h ∈ {1, 2, . . . , k}) do
3:
Initialize the mirror reflections of pixels in set Lh to the pixels in the set Rh
and vice versa.
4:
Randomly initialize the mirror reflections for the pixels in set {W ×H}\{Lh ∪
Rh }.
5:
while not converged do
6:
For the pixel pi ∈ W × H randomly select two pixels pj , pk from the
cluster Ch .
m,p
7:
For the pixel pi , select the best mirror image estimate pm,p
←
i . pi
m
arg min ∥dpi − dp ∥2 .
m
m
p∈{pm
ij ,pik ,pi }

8:
9:

Randomly sample e pixels from a circle around pixel pm,p
i .
m,p
e .
S ← {pm,p
}
∪
{p
+
r
}
j j=1
i
i
m,r
Improve pm,p
:
p
←
arg min∥dpi − dm
p ∥2 .
i
i
p∈S

Update the symmetry map (Sh , fh ) using Equations (3.5), (3.6), (3.7),
and (3.8).
11:
end while
12: end for
Output: Symmetry maps (S1 , f1 ), . . . , (Sk , fk ).
10:

over the iterations. In order to measure the quality, we generate a new image,
Im , by replacing each pixel by its estimated mirror reflection. We also weigh the
intensity with the symmetry score. Therefore, Im (p) = S(p)f(p), ∀p ∈ W × H.
For the image given in Figure 3.5(a), we represent the SSM S in the first row and
the NMRF f in the second row for the iterations 12 , 2, 4, 6, and 10. In the third
and the fourth row, we represent the zoomed-in window (shown in red color in (a))
from the SSM and NMRF scores. And in the fifth row, we represent the zoomed-in
window from the image Im . Now, we measure the improvement over the iterations
by measuring the structural similarity (SSIM) [184] and PSNR between the window
from the image Im and the original window from the original image. We report SSIM
and PSNR scores against the iteration number in Figure 3.5(b). We observe that
both SSIM and PSNR increase as the number of iterations increases. We observe
that while doing the experiment on more images, six iterations are sufficient for the
convergence. In Figure 3.6, we show the computed reflection symmetry maps for
five example images from the dataset provided in [45].

3.3.2

Evaluation of NMRF

Correspondences Rate. Let pem
i be an estimated mirror reflection of the pixel pi
and let pgm
be
the
ground-truth
mirror
reflection of the pixel pi . We decide whether
i
em
the estimated mirror reflection pi of the pixel pi or the correspondence (pi , pem
i )
gm
is correct based on a distance threshold τ . If the distance ∥pem
−
p
∥
between
the
2
i
i
pixels pem
and pgm
is less than the distance threshold τ , then the correspondence
i
i
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PSNR(dB)

(a)
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Iterations
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(b)
(c)

(d)

(e)

(f)

(g)

Figure 3.5. Improvement in symmetry map (first row: f, second row: S) over the iterations.
(c) Iteration 21 , (d) Iteration 2, (e) iteration 4, (f) iteration 6, and (g) iteration 10. In
third and fourth rows, we show the zoomed-in window in S and Im , respectively. Plots
in (b) represent the SSIM and PSNR vs iteration number curves for the window in Im
shown in the fourth row.

(pi , pem
i ) is correct and otherwise incorrect. For a given threshold τ , we count the
gm
em
correspondences (pi , pem
i ) for which the condition ∥pi − pi ∥2 < τ holds true. We
manually extracted 130 ground truth pairs of mirror symmetric pixels from an image
in the dataset in [45]. In Figure 3.7, we show the correspondences rate against the
distance threshold τ for the schemes: iterative random search (IRS), mean mirror
pixel (MMP), and best mirror pixel (BMP). We observe that the correspondences
rate for IRS is higher than that of the MMP and BMP.
SSIM and PSNR. The similarity between the images I and Im represents the
quality of estimated NMRF. More similar the images I and Im , better will be the
quality of NMRF. In order to measure the similarity between the images I and
Im , we use SSIM and PSNR. In Figure 3.8, we plot SSIM and PSNR against the
iteration number for the schemes IRS, MMP, and BMP from the images with single
symmetry axis taken from the dataset [45]. Since there are no iterations for the
schemes MMP and BMP, SSIM and PSNR remain constant for them. For IRS,
both SSIM and PSNR increase as the number of iterations increases.

3.3.3 Evaluation of SSM
In order to evaluate the SSM, we follow a method similar to what is adopted to
evaluate a saliency algorithm. First, to get the ground truth symmetry map (binary),
Rajendra Nagar
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(a)

(b)

(c)

(d)

(e)

Figure 3.6. (a) Images, (b) Pairs of mirror symmetric pixels (different colors represent
different clusters), (c) S, (d) f, and (e) Im .

we manually select 76 images which contain objects exhibiting reflection symmetry
in the dataset [22], which also has the ground truth binary segmentation maps.
Let G denote a ground truth map. We also manually segment 64 images from
[45] containing symmetric objects to augment this dataset with more images. To
compare with the binary symmetry map, denoted as Φ, we threshold the estimated
symmetry score map with different thresholds (with a step size of 12.8 in the range
|Φ∧G|
[0, 255]) as proposed in [3]. We find the precision and recall rates ( |Φ∧G|
|Φ| and |G| ,
respectively). In Figure 3.9, we plot the precision vs recall curve. We also compute
the AUC for the false positive rate (FPR) vs true positive rate (TPR) curve. The
true positive rate measures the fraction of symmetric pixels which are correctly
labeled |Φ∧G|
|G| . The false positive rate measures the fraction of non-symmetric pixels

which are classified as symmetric pixels |Φ∧¬G|
|¬G| . The AUC and the mean precision,
mean recall, and Fβ scores are reported in Table 3.1 for the threshold value Tf = 100.
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Figure 3.7. Fraction of correct mirror symmetric correspondences vs the distance threshold
τ curve for the methods IRS (iterative random search), MMP (mean mirror pixel), and
BMP (best mirror pixel).
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Figure 3.8. SSIM and PSNR vs the iteration number curve for the methods IRS, MMP,
and BMP.

Our method takes on an average 2.5 minutes for an image (of size approximately
equal to 640 in both the dimensions) to compute the reflection symmetry map
(NMRF and SSM) in Intel Core i5 processor with 8 GB RAM.
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Figure 3.9. The Precision Vs Recall curve (red) and the ROC curve (blue) for the threshold
with step size 12.8 in the range 0 to 255, on 140 images.
Table 3.1. Precision, Recall, and Fβ (β = 0.3) at Tb = 100, and the area under the FPR
vs TPR curve.

Measure
Score

3.4

Precision
0.6880

Recall
0.60

Fβ
0.6794

AUC
0.8531

Application: Symmetry Preserving Stylization

Energy guided or structure-preserving stylization of images has been an interesting
application in computer graphics, especially in non-photorealistic rendering. DeCarlo and Santella stylized image by preserving more details in the region where
the eye-tracker responses were high and fewer details in the regions where eye-tracker
responses were low [32]. There are various methods preserving structures such as
saliency, shape, flow, texture, and gradient while stylizing ([40, 191, 58, 116, 57,
198]). We propose a simple method to stylize the input image while preserving the
details in symmetric regions and removing details in the non-symmetric regions. We
process only the SSM component of the reflection symmetry map for this application. We first over-segment the image into superpixels by using SLIC [5]. We merge
Ph.D. Thesis

Rajendra Nagar

3.5 Conclusion

41

a superpixel (let us denote it by si ) having the minimum average symmetry score
to its adjacent superpixel (let us denote it by sj ) which has the next higher average
symmetry score. In order to do this, we first construct a graph where each superpixel is a vertex and there is an edge between the two vertices if the corresponding
superpixels are neighbors of each other. The superpixel merging is equivalent to
edge contraction in the resulting graph. Let ui be the vertex corresponding to the
superpixel si and let the set Nui be the set of neighborhoods of the vertex ui , and
uj be the vertex corresponding to the superpixel sj and let the set Nuj be the set
of neighborhoods of the vertex uj . Here, we observe that ui ∈ Nuj and uj ∈ Nui .
Contracting the edge eij = (ui , uj ) results in a new vertex w and the set of neighbors
of the resulting vertex w becomes Nw = {Nui \{uj }} ∪ {Nuj \{ui }}. After merging
the superpixels si and sj , we set the average symmetry score of the new superpixel
to be the average of the symmetry scores of si and sj . We keep merging superpixels
till the minimum average symmetry score over the remaining superpixels is above
a predefined threshold. We then smooth each superpixel by replacing the color of
each pixel by the average color within the superpixel. In Figure 3.10, we explain
the full algorithm by a toy example.
u1

s2

s1

u2

s1

s2
u1

u2

u6

u6

s6

s6

e45 = (u4 , u5 )

u4
u5

u3

w

Nu4 = {u1 , u2 , u3 , u5}

s3

s4

s5

Nu5 = {u2 , u4, u6 }

(a)

(b)

u3

s3

s4

(c)

Nw = {Nu4 \{u5 }} ∪ {Nu5 \{u4 }}
= {u1, u2 , u3 , u6}

(d)

Figure 3.10. Toy example of stylization process: (a) Six superpixels, where square boxes
represent superpixels and intensity of the blue color represents the average symmetry
score within the superpixel. Superpixel s5 has the least average symmetry score and s4
is the neighbor having the second least score hence we merge s4 and s5 , (b) Equivalent
graph having 6 nodes corresponding to 6 superpixels and edges represent the neighborhood connections. The edge e45 = (u4 , u5 ) is contracted to create new node w, (c) The
resulting graph having contracted the edge e45 , and (d) The effect of edge contraction
on the number of superpixels and their connectivity.

In Figure 3.11, we present the results of the stylization of few images. We
also present the results of other popular structure preserving stylization methods
([116],[191]) to visually compare our results. We are able to preserve more details in
the symmetric regions and fewer details in the non-symmetric regions as compared
to these methods. We observe from the results of these methods (shown in Figure
3.11 (e) and (f)) that these methods retain a significant amount of details in the
non-symmetric regions, but our method removes most of the details from the nonsymmetric regions.

3.5 Conclusion
We have presented a novel definition and description of the concept of reflection
symmetry map for a given image containing a symmetric object. This concept has
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.11. Results of stylization (a) Input images, (b) [116], (c) [191], (d) Superpixel
over-segmentation (green colored boundaries), (e) Computed reflection symmetry map,
(f) Proposed method.

been realized using a randomized algorithm which enables us to compute the reflection symmetry map. For a given image containing an object exhibiting reflection
symmetry, we have computed the symmetry map which is a collection of two maps:
NMRF and SSM. To estimate the symmetry map, we have exploited the reflection
symmetry coherency present in the image and efficient approximate nearest neighbor search methods. We have shown the importance of symmetry map by using it
in an important application - symmetry preserving image stylization.
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Chapter 4

SymmSLIC: Symmetry Aware
Superpixel Segmentation
A superpixel is a set of spatially proximal and visually similar pixels [132]. The
similarity between pixels could be defined in terms of color, texture, etc. Superpixels are known to preserve the local image features such as object boundaries, their
regular shape and size, simple connectivity, and reduce the cost of computation of
many computer vision problems. This is since superpixel over-segmentation effectively reduces the number of units to be processed in an image. The superpixel
over-segmentation has been used in various applications such as segmentation [132],
image parsing [168], tracking [181], and 3D reconstruction [54].
The perceptual grouping of local features of objects is a major cue in understanding objects in the human visual system [186]. The symmetry present in real-world
objects is proven to play a major role in object detection and object recognition
processes in humans as well as animals [173]. Therefore, the symmetry present in
objects should be preserved even after perceptual grouping in order to perceive the
objects efficiently from the over-segmented image. The existing superpixel oversegmentation algorithms do not attempt to preserve the symmetry present at the
pixel level. The main motivation behind preserving symmetry at superpixel level is
that the time complexity of algorithms, such as [52], can be reduced significantly
by working at superpixels level. However, without preserving the symmetry at
superpixels, their performance might get degraded. There have been attempts in
preserving structure [182, 86]. However, no emphasis has been made on preserving
symmetry. In this chapter, we propose an algorithm to over-segment an image into
superpixels while preserving the reflection symmetry present at the pixel level. At
the superpixel level, we represent the symmetry as a set of pairs of superpixels which
are mirror reflections of each other. We improve and extend the SLIC algorithm to
achieve this task [5]. In Figure 4.1, we show an example output generated by the
proposed approach along with another recent superpixel over-segmentation method
Manifold-SLIC [86] for illustration of the effectiveness of our approach.
This chapter is based on the following publication.
Rajendra Nagar and Shanmuganathan Raman. “SymmSLIC: Symmetry Aware Superpixel Segmentation”. In Proceedings of the IEEE International Conference on Computer Vision Workshop
“Detecting Symmetry in the Wild”, pp. 1764-1773. 2017.
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(a)

(b)

(c)
Figure 4.1. (a) The results for the Manifold SLIC [86], (b) results for the proposed
algorithm SymmSLIC, and (c) zoomed mirror symmetric windows for both the methods
(top: Manifold SLIC, bottom: ours). We observe that the symmetry at the superpixel
level is preserved in the proposed approach.

The main contributions of this work are the following.
1. We propose an algorithm, termed SymmSLIC, in order to partition an image
into superpixels such that the reflection symmetry present at the pixel level is
preserved at the superpixel level.
2. We propose a novel algorithm to detect pairs of pixels which are mirror reflections of each other.
3. We introduce an application of SymmSLIC called unsupervised symmetric
object segmentation.

4.1

Related Works

Superpixel segmentation and symmetry detection problems have been studied thoroughly and are active research problems in image processing, computer vision, and
computer graphics. We discuss the state-of-the-art methods for superpixel segmentation.
There are two major categories of algorithms for superpixel segmentation - graph
based and clustering based. Following are the major graph based approaches. Shi
and Malik proposed the normalized cut algorithm to over-segment an image [143].
Felzenszwalb proposed a graph-based image segmentation approach [41]. Li and
Chen used linear spectral clustering approach [79]. Veksler et al. [177] and Van
et al. [174] used optimization techniques for superpixel segmentation. Zhang et
al. proposed a boolean optimization framework for superpixel segmentation [197].
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Moore et al. posed the problem of superpixel detection as lattice detection [111].
Duan and Lafarge used shape anchoring techniques on the set of detect line segments
in order to partition the image into convex superpixels [36]. The key idea in the
clustering based approaches is to first initialize some cluster centers and then refine
these cluster centers using various techniques. Achanta et al. proposed a k-means
clustering based approach called simple linear iterative clustering (SLIC) [5]. They
initialize cluster centers at the centers of equally spaced squares. They perform
clustering by assigning each pixel to the nearest center based on the color and
location similarity. Levinshtein et al. proposed a geometric flow based approach
[76]. Wang et al. proposed a content sensitive superpixel segmentation approach
where the distance between the cluster center and a pixel is the geodesic distance
[182]. Liu et al. proposed a fast algorithm to get structure sensitive superpixels,
where authors perform the SLIC on a 2-dimensional manifold [86]. Liu et al. used
the entropy rate for homogeneous and compact superpixels [83].
There have not been any previous attempt on the problem of reflection symmetry
preserving superpixel segmentation.

4.2 Proposed Approach
4.2.1 Approximate and Partial Reflection Symmetry Detection
Let I : W × H → R3 be a color image with width w and hight h. Here W =
{1, 2, . . . , w} and H = {1, 2, . . . , h}. Most of the real images exhibit only the partial
reflection symmetry, which means that the mirror symmetric pixel exists for only a
fraction of pixels. This is due to occlusions and missing parts. Therefore, we attempt
to detect the approximate reflection symmetry. In order to do so, we detect a set
of sparse pairs of pixels which are mirror reflections of each other. We represent
the reflection symmetry present in the image by two subsets, L ⊂ W × H and
R ⊂ W × H, satisfying the following property. For each pixel xi ∈ L, ∃ xi′ ∈ R such
that
xi′ = Rii′ QR⊤
ii′ (xi − tii′ ) + tii′ , and I(xi ) = I(xi′ ).
[
]
1 0
xi +xi′
′
Here, the point tii = 2 , the matrix Q =
, and the rotation matrix Rii′
0 −1
[
]
cos θii′ − sin θii′
′
is defined as Rii =
. The angle θii′ is the slope of the symmetry
sin θii′ cos θii′
axis which is the line perpendicular to the vector xi − xi′ and passes through the
mid-point tii′ . In order to determine the sets L and R, representing the reflection
symmetry, we use the orientations of edges present in the image. We first extract
the edges from the image using the method proposed in [35] and represent them as
curves. Let E : W × H → {0, 1} be the image representing the edges present in the
image I. Let E = {x : E(x) = 1} be the set of pixels lying on the edges. Now, for
each pixel xi ∈ E, we extract an edge of length p pixels passing through the pixel
xi such that the pixel xi lies at equal distance from the end points of the edge. We
determine with how much confidence two pixels are mirror reflections of each other
based on the following observation.
Let xi , xi′ ∈ E be any two edge pixels, where i ∈ {1, 2, . . . , |E|}, i′ ∈ {1, 2, . . . , |E|},
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and |E| is the cardinality of the set E. Let ci (α) : [0, 1] → R2 be an edge or a
curve such that ci (0.5) = xi . Let ci′ (α) : [0, 1] → R2 be another curve such that
ci′ (0.5) = xi′ . If the pixels xi and xi′ are mirror reflections of each other and the
image I is mirror symmetric in the proximity of the pixels xi and x′i , then the
following equalities hold true.
⊤
ci′ (α) = Rii′ QR⊤
ii′ ci (α) − Rii′ QRii′ tii′ + tii′ , ∀α ∈ [0, 1]

ci (α) =

Rii′ QR⊤
ii′ ci′ (α)

−

Rii′ QR⊤
ii′ tii′

+ tii′ , ∀α ∈ [0, 1].

(4.1)
(4.2)

Now let us define the following two quantities using Equations (4.1) and (4.2).
∫
2
oii′ =
∥ci′ (α) − Rii′ QR⊤
(4.3)
ii′ (ci (α) − tii′ ) − tii′ ∥2 dα
α∈[0,1]

∫
o

i′ i

=
α∈[0,1]

2
∥ci (α) − Rii′ QR⊤
ii′ (ci′ (α) − tii′ ) − tii′ ∥2 dα.

(4.4)

For the case of perfect symmetry, we oii′ = 0 and oi′ i = 0. However, due to the
presence of noise and illumination variations, this might not hold true. Therefore, in
order to determine the pairs of mirror symmetric pixels, we use the Hough transform.
We determine the symmetry axis, ρii′ = x cos ϕii′ + y sin ϕii′ , defined by each pair
(xi , xi′ ) of pixels xi and xi′ , which is a line passing through the mid-point tii′ and
perpendicular to the vector xi −xi′ . In Figure 4.2(a), we show a graphical illustration.
oii′ +oi′ i

For this axis, we define the weight equal to e− 4σ2 . We choose σ = 24. In the
transformation space, we determine the dominant clusters and obtain the pairs of
mirror symmetric pixels corresponding to these clusters. Using these pairs, we form
the sets L and R by picking randomly one pixel of a pair and include it in the set
L and the other pixel in the set R. We further remove the outlier pairs using the
following property of a symmetric function. Let the points xi and xi′ be mirror
reflections each other. Therefore,
I(xi ) = I(xi′ ) ⇒ ∇xi I(xi ) = ∇xi I(xi′ )
⊤
⇒ ∇xi I(xi ) = ∇xi I(Rii′ QR⊤
ii′ xi − Rii′ QRii′ tii′ + tii′ )

⇒ ∇xi I(xi ) = Rii′ QR⊤
ii′ ∇xi′ I(xi′ ).

(4.5)

We only keep those pairs which satisfy the inequality
∇xi I(xi )⊤ Rii′ QR⊤
ii′ ∇xi′ I(xi′ ) > 1 − ϵ.
Here, 0 < ϵ < 1. Since the number of pixels, |E|, lying on the edges is very high,
of pairs. Therefore, we randomly pick pairs
it results in huge number |E|(|E|−1)
2
and vote in order to reduce the computational complexity. For each edge pixel,
we select h << |E| pixels which results in a total number of h|E| pairs. We now
show that the probability of selecting the correct mirror reflection pixel of a pixel
using the proposed randomization scheme is very high for h << |E|. Since the
symmetry present in the image is approximate symmetry, we consider a pixel to be
a mirror reflection even if it is shifted in a square of width u pixels from its ideal
location. Now, the probability of selecting the approximate mirror reflection pixel
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of a pixel under consideration in one attempt is
u2
|E|−1 .

u2
|E|−1 .

Therefore, the probability of

not selecting in one attempt is 1 −
Therefore, probability of not selecting the
approximate mirror reflection pixel of a pixel under consideration in h attempts is
(
)h
u2
. Hence, the probability of selecting the approximate mirror reflection
1 − |E|−1
(
)h
u2
pixel of a pixel in h attempts is 1 − 1 − |E|−1
. For example, for |E| = 3000,
h = 200, and u = 5, this probability is 0.8124 which is quite high.
ci (α)
xi

Si

xj

ci

tii′′
tii′
cri (α)
xi′′
ci′′ (α)

(a)

tii′

cri (α)
xi′ S ′
i
ci′ (α)

xj ′ c ′
i

(b)

Figure 4.2. (a) Detection of pairs of mirror symmetric pixels. The pair (xi , xi′ ) is more
symmetric than the pair (xi , xi′′ ) since the curves cri (α) and ci′ (α) are more aligned. (b)
The symmetric assignment: if the superpixels Si and Si′ are mirror reflections of each
other, pixels xi and xi′ are mirror reflections of each other, and the pixel xj is assigned
to the center ci , then we assign the pixel xj ′ to the center ci′ .

4.2.2 Symmetry Aware SLIC
In order to preserve the reflection symmetry present in the input image, represented
by the sets L and R, we have to make sure that for each pair (xi , xi′ ) of pixels xi
and xi′ which are mirror reflections of each other, there should be a pair (Si , Si′ )
of superpixels, Si and Si′ , which are mirror reflections of each other. We define
two superpixels, Si and Si′ , to be mirror reflections of each other if for each xj ∈
Si , ∃xj ′ ∈ Si′ such that the pixels xj and xj ′ are mirror reflections of each other. We
improve and extend the SLIC algorithm proposed in [5] to estimate symmetry aware
superpixels. The SLIC algorithm is based on the k-means algorithm where the goal
is to find k center pixels and assignment of each pixel to form k groups or clusters
of pixels such that each group contains spatially close and visually similar pixels. In
order to preserve the symmetry, we minimize the following objective function, with
respect to the centers and the pixel to cluster assignments.
min

k
∑

∑

∥ci − x∥22 + ∥c′i − x′ ∥22 + λ∥I(ci ) − I(x)∥22 + λ∥I(c′i ) − I(x′ )∥22 .

i=1 (x,x′ )∈Ki
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Here, x′ represents the mirror image of the pixel x through the symmetry axis
defined by the pairs of symmetric superpixel Si and Si′ . The set Ki is the set of
pairs of mirror symmetric pixels assigned to the mirror symmetric superpixels Si
and Si′ . The cost ∥ci − x∥22 + λ∥I(ci ) − I(x)∥22 is similar to the SLIC cost function
which make sure that each cluster or superpixel contains spatially close and visually
similar pixels. While, the cost ∥c′i − x′ ∥22 + λ∥I(c′i ) − I(x′ )∥22 ensures that for each
pair, if the pixel x is assigned to the superpixel with center ci , then the mirror
reflection x′ of the pixel x is assigned to the superpixel with center c′i which is the
mirror image of the ci . In order to solve this optimization problem, we follow the
general SLIC algorithm. The SLIC algorithm is based on the k-means clustering
algorithm. Cluster centers are initialized on the center of equally spaced squares of
sizes s × s. In order to update the cluster centers, the distances between a center
and all pixels within the square of size 2s × 2s centered at these pixels is computed.
Each pixel is assigned to the nearest center. Then the center is updated using its
new neighboring pixels by taking the average location and the average color. This
process is continued till convergence. Here, λ is the compactness factor and generally chosen in the range from 1 to 40 as defined in [5]. Higher values of λ result in
compact superpixels and poor boundary adherence and lower values of λ result in
poor compactness of superpixels and better adherence to boundaries.
Symmetric Initialization. In order to preserve the reflection symmetry represented in the sets L and R, we have to make sure that for a pair of pixels which are
mirror reflections of each other, there should be a corresponding pair of superpixels
which are mirror reflections of each other. Let the pixels xi ∈ L and xi′ ∈ R be mirror reflections of each other. We initialize the centers ci and ci′ of two superpixels
Si and Si′ at the pixels xi and xi′ . We observe that the symmetric object present
in the image might not cover the full image. Therefore, in the non-symmetric region, we follow the same initialization strategy as used in SLIC. We first find the
convex hull, C, of the set L ∪ R which represent the symmetric region. Now, in
the non-symmetric region {W × H} \ C, we initialize the centers at the centers of
equally spaced squares and in the region C, we do the symmetric initialization. We
observe that the reflection symmetric pixels obtained lie on the edges. Therefore,
according to [5], it is an unstable initialization. However, we observe that these
pairs of reflection symmetric pixels exhibit high accuracy. Therefore, we transfer
each pair to a new location such that the image gradient at both the pixels of the
new pair is minimum in the local vicinity and are mirror reflections of each other.
Number of superpixels. If we want
√ k superpixels, then we partition the image

into square windows of sides equal to wh
k . If the number of pairs of mirror symmetric points | L | in the symmetric region C is greater than (k − s), then we randomly
select (k − s) pairs from the | L | pairs. Here, s is the number square windows in
the non-symmetric region {W × H} \ C. If the number of pairs of mirror symmetric
points | L | in the symmetric region C is less than (k − s), then we randomly select
(k − s− | L |) points in the symmetric region and reflect them using the symmetry
axis defined by their nearest pair.
Symmetric Assignment. We propose an assignment strategy in order to achieve
pairs of reflection symmetric superpixels with equal areas and mirror reflective
boundaries. We assign pixels to their nearest centers such that each pair of suPh.D. Thesis
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Algorithm 4 SymmSLIC
Input: Image I, number of superpixels k, and parameter λ.
1: Initialize the label matrix L(xi ) = −1, and the distance matrix D(xi ) =
∞, ∀xi ∈ W × H.
2: Determine the sets L and R as discussed in Section 4.2.1.
3: Initialize the cluster centers as discussed in Section 4.2.2.
4: while not converged do
5:
for each cluster center ci in L do
6:
Determine Rii′ and tii′ using ci and ci′ .
7:
for each pixel xj in the 2s × 2s square around ci do
8:
Compute the distance d(xj , ci ) between ci and xj .
9:
if d(xj , ci ) < D(xj ) then
10:
D(xj ) ← d(xj , ci ) and L(xj ) ← i
⊤
11:
xj ′ ← Rii′ QR⊤
ii′ xj − Rii′ QRii′ tii′ + tii′
12:
D(xj ′ ) ← d(xj ′ , ci′ ) and L(xj ′ ) ← i′
13:
end if
14:
end for
15:
end for
16:
for each cluster center ci′ in R do
17:
Determine Rii′ and tii′ using ci and ci′ .
18:
for each pixel xj ′ in the 2s × 2s square around ci′ do
19:
Compute the distance d(xj ′ , ci′ ) between ci′ and xj ′ .
20:
if d(xj ′ , ci′ ) < D(xj ′ ) then
21:
D(xj ′ ) ← d(xj ′ , ci′ ) and L(xj ′ ) ← i′
⊤
22:
xj ← Rii′ QR⊤
ii′ xj ′ − Rii′ QRii′ tii′ + tii′
23:
D(xj ) ← d(xj , ci ) and L(xj ) ← i
24:
end if
25:
end for
26:
end for
(
)
27:
for all the centers in the region {W × H} \ convexhull(L ∪ R) do
28:
Perform SLIC.
29:
end for
30:
Update the cluster centers.
31: end while
Output: The label matrix L.
perpixels (Si , Si′ ) remains mirror reflection of each other in all iterations. Let us
consider the centers ci and ci′ of two superpixels, Si and Si′ , which are mirror reflections of each other. Let xj be a pixel inside the square of size 2s × 2s around the
center ci . If the nearest center to the pixel xj is ci , then we assign the center ci′ as
ci +ci′
the nearest center to the pixel xj ′ = Rii′ QR⊤
ii′ (xj − tii′ ) + tii′ . Here, tii′ =
2
and Rii′ is the rotation matrix with angle θii′ equal to the slope of the line passing
through the pixels ci and ci′ . In Figure 4.2(b), we graphically illustrate this concept. We prove that, using this assignment strategy, a pair of reflection symmetric
superpixels remains a pair of reflection symmetric superpixels after one iteration.
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Claim 4.2.1. Let Sit and Sit′ be two superpixels which are mirror reflections of each
other at the iteration t. Let cti and cti′ be their centers respectively. Then, at the
iteration t + 1, the updated superpixels Sit+1 and Sit+1
will also be mirror reflections
′
of each other.
Proof. Using assignment strategy, if we assign xi to Si , then we assign the pixel
⊤
Rii′ QR⊤
ii′ xj − Rii′ QRii′ tii′ + tii′ to Si′ . Let us assume that we assign ni pixels
to the superpixel Si , and Ji = {i1 , i2 , . . . , ini }, Ji′ = {i′1 , i′2 , . . . , i′ni } be the sets of
indices of pixels belonging to∑
the superpixels Si and Si′ , respectively. The center of
1
the superpixel Si is ct+1
=
j∈Ji xj . Now, the center of the superpixel Si′ is
i
ni
=
ct+1
i′

1 ∑
xj ′
ni ′
j ∈Ji

=

1 ∑
1 ∑
1 ∑
Rii′ QR⊤
Rii′ QR⊤
tii′
ii′ tii′ +
ii′ xj −
ni
ni
ni
j∈Ji

j∈Ji′

1 ∑
= Rii′ QR⊤
xj − Rii′ QR⊤
ii′
ii′ tii′ + tii′
ni

j∈Ji′

j∈Ji

=

t+1
Rii′ QR⊤
ii′ ci

− Rii′ QR⊤
ii′ tii′ + tii′ .

Therefore, the center of superpixels at the iteration t+1 and the updated superpixels
Sit+1 and Sit+1
will also be mirror reflections of each other.
′
We further observe that the centers of mirror symmetric superpixels follow the
curves that are mirror reflections of each other. It is easy to prove this claim from
the Claim 4.2.1. In Algorithm 4, we present all the steps involved in the proposed
SymmSLIC algorithm.

4.3

Results and Evaluation

In Figure 4.3, we show the major steps of the proposed approach using an example image where we detect two symmetric regions. We observe that the symmetry
present at the pixel level, as shown in Figure 4.3(c), is well preserved at the superpixel level, as shown in Figure 4.3(e). In Figure 4.3(f), we show the movement of
the mirror symmetric centers. We observe that the mirror symmetric centers move
along the mirror symmetric paths. In Figure 4.4, we present a failure case. The
SymmSLIC fails due to the improper detection of the edges across the symmetry
axis. However, we observe that the resulting over-segmentation is near to the SLIC
superpixels.
For the quantitative evaluation, we measure the boundary recall and the under segmentation error for the proposed approach and the approaches [5], [79], and
[174] on the dataset BSDS500 [96]. We do evaluation only on the images containing
symmetric objects from this dataset. In order to measure the performance, we use
three metrics: under segmentation error [76], boundary recall [97], and achievable
segmentation accuracy [83]. The under segmentation error measures the leakage
of estimated superpixels. The higher values of boundary recall represent better
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.3. (a) Input image I, (b), detected edges, (c) the pairs of mirror symmetric points
(L and R), (d) the initialized centers, the red colored centers are in the non-symmetric
regions and the green colored centers are in the symmetric regions, (e) the symmetric
superpixel segmentation with the pairs of mirror symmetric superpixels, and (f) The
movement of the centers. The mirror symmetric centers move on the mirror symmetric
paths (shown using the same color).

adherence to the ground truth boundaries. The achievable segmentation accuracy
measures the object segmentation accuracy which can be achieved through the estimated superpixels. In Figure 4.5, we plot the under segmentation error, boundary
recall, and achievable segmentation accuracy as the function of number of superpixels for SLIC [5], LSC [79], SEEDS [174], and the proposed approach. We observe
that the performance of the proposed method is comparable to that of the SLIC
[5], since SymmSLIC works similar to SLIC algorithm and on average almost 60 %
region of the images is non-symmetric. Therefore, in these regions, only classical
SLIC is performed.

Figure 4.4. A failure case: Input image, edges map, and SymmSLIC result.

In Figure 4.6, we show the results of the proposed approach. We compare
the results of the proposed approach to the results of the methods TURBO [76],
SLIC [5], ERS [83], LSC [79], SEEDS [174], and MSLIC [86]. In each image, we
zoom two windows which are mirror reflections of each other. In odd-numbered
rows, we show the results obtained on images for all the methods. In the evennumbered rows, we show two zoomed-in mirror symmetric windows from the images
in the odd-numbered rows. There does not exist any dataset in which, for an image
Rajendra Nagar
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Figure 4.5. (a) Under segmentation error, (b) Boundary recall, and (c) Achievable segmentation accuracy vs the number of superpixels plots.

containing symmetric objects, the ground truth pairs of reflection symmetric pairs
of superpixels are present. Therefore, we only report the results obtained through
all the methods on images containing symmetric objects. We choose the length, p,
of the curve cx (α) to be equal to 64 pixels, the threshold ϵ = 0.2, and the variable
λ ∈ [1, 40]. We observe that using the proposed algorithm SymmSLIC, we are able
to generate pairs of mirror symmetric superpixels in the symmetric regions. In some
cases, our algorithm partitions a perceptually uniform region into many superpixels
and due to the symmetric assignment strategy, we achieve a similar segmentation
in the mirror symmetric counterpart. We implemented SymmSLIC in MATLAB on
a 2.90GHz×4, 8GB RAM machine. The average time is ∼ 10s for an image of size
640 × 480 for 500 superpixels including the detection of pairs of pixels which are
mirror reflections of each other.

4.3.1

Unsupervised Symmetric Object Segmentation

Object segmentation is a challenging problem which is generally performed either
with user interaction and graph cuts ([135], [44], [161], [162]) or with supervised
learning [48]. Our approach also differs from [75] in the sense that they perform
local symmetry grouping whereas we perform global symmetry grouping. We would
like to demonstrate how object segmentation can be performed in an unsupervised
manner using SymmSLIC. This section is meant to illustrate as to how the algorithm
developed in this chapter can be used to solve this classic computer vision application. The application is however limited to images containing objects exhibiting
reflection symmetry.
We use the SymmSLIC superpixels to segment a symmetric object. This approach is clearly an unsupervised object segmentation approach. The proposed
segment is the area, ∪i∈I Si ∪ Si′ , occupied by the pairs (Si , Si′ ) of the superpixels Si
and Si′ , which are mirror reflections of each other. Here, I is the set of indices of the
pairs of mirror symmetric superpixels. We compare our method with the state-ofthe-art interactive method [162] on this challenge dataset [45]. The method in [162]
assumes that the bounding box around the symmetric object is given. Whereas, our
method does not require any such user interaction. In this dataset [45], each 2D
reflection symmetric image contains a symmetric object. We manually created the
ground truth segmentations. We compute the error rate defined as the ratio of the
misclassified pixels to the total number of pixels. The averaged error rate on all
Ph.D. Thesis
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Figure 4.6. Results for the approaches TURBO [76], SLIC [5], ERS [83], LSC [79], SEEDS
[174], MSLIC [86], and the proposed method. For each image, we show two zoomed-in
mirror symmetric windows to visualize whether the superpixels are mirror reflections
of each other or not. Window border represents its location in the image. The tilted
windows are aligned horizontally.

the images from [45] for the method in [162] is 0.15 and for the proposed approach
is 0.19. In Figure 4.7, we show the results on an example image from [45]. We
observe that our method does not require any user interaction and still we get a
comparable error rate. The performance of our method depends on how well the
edges are extracted in the given image.
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Figure 4.7. Row 1: Input images, Row 2: the ground truth object segmentation, Row 3:
grab cut in one cut [162] segmentation which requires an input mask around the object,
and Row 4: unsupervised symmetric objects segmentation using proposed approach
which does not require any input mask.

4.4

Conclusion

In this Chapter, we have proposed an algorithm to partition an image into superpixels, such that the symmetry present at the pixel level is preserved at the superpixel
level. We first detected the symmetry present at the pixel level, presented as pairs
of mirror symmetric pixels and then extend the SLIC algorithm to preserve the
symmetry at the superpixel level by proposing a novel symmetric initialization and
symmetric pixel center assignment strategies. We observe that we are able to achieve
mirror symmetric superpixels in the symmetric regions. The main limitation of the
proposed algorithm is that it is applicable only to the fronto-parallel views containing reflection symmetry. As a future work, the proposed method could be extended
for the rotation symmetry, the translation symmetry, and the curved reflection
symmetry.
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Chapter 5

Global 3D Extrinsic Symmetry
Detection in Point Clouds
In this Chapter, we attempt the problem of detecting the global reflection symmetry
of a 3D object represented as a point cloud. The main challenge is to handle the
outliers, missing parts, and perturbation from the perfect reflection symmetry. We
present two methods for detecting reflection symmetry of a 3D object represented
by a point cloud. In the first approach, we propose a feature descriptor free approach. We pose the problem of reflection symmetry detection as an optimization
problem and provide a closed-form solution for the plane of reflection symmetry.
This approach achieves state-of-the-art performance on the benchmark dataset. In
the second approach, we use the 2D images used in the structure from motion framework for reconstructing the 3D point cloud of the underlying object. We propose
an energy minimization based approach to detect the reflection symmetry of an
object from its multiple 2D projections captured from different viewpoints and the
sparse 3D model obtained using these projections. This approach only estimates
the sparse 3D model and utilizes the content of the images in terms of local scale
invariant features. The energy minimization problem reduces to the problem of
finding the eigenvector corresponding to the smallest eigenvalue of a 4 × 4 matrix
thereby leads to a reduction in the computation time.

5.1 Related Work
The state-of-the-art report in [106] reviewed the 3D symmetry detection algorithms.
Reflection symmetry detection methods are categorized based on: (a) the form of
the representation of the input data such as polygon meshes, point clouds sampled
from the surfaces, and volumetric point clouds, (b) feature descriptors are used or
are not used, and (c) the type of the symmetry that is being detected.
Combès et al. [29], Li et al. [77], Ecins et al. [37], and Sipiran et al. [150],
This Chapter is based on the following publications.
Rajendra Nagar and Shanmuganathan Raman. “3D Symm: Robust and Accurate 3D Reflection
Symmetry Detection”. Under Review.
Rajendra Nagar and Shanmuganathan Raman. “Revealing Hidden 3D Reflection Symmetry”.
IEEE Signal Processing Letters 23.12 (2016): 1776-1780.
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detect the reflection symmetry in point clouds however are not robust to the outliers and requires segmentation of the symmetric objects. Furthermore, they do not
find the correspondences between the reflective symmetric points. The correspondences between the reflective symmetric points play an important role in various
applications [189, 80]. Lipman et al. [80] and Xu et al. [189] did not use feature
descriptors. However, both the methods depend on the choice of a hyper-parameter
to detect the reflection symmetry in the perturbed patterns and bad choice of this
hyper-parameter can lead to higher computation time. Furthermore, Xu et al. do
not find the plane of reflection symmetry [191]. Zabrodsky et al. found the closest
shape to a given shape represented by a set of points in R2 which needs point correspondences computed in advance [195]. Cicconet et al. used a registration based
approach [26]. They reflected the input point cloud about an arbitrary plane and
registered the original and the reflected point clouds. However, it suffered from the
initialization problem and is not robust to the outliers.
Mitra et al. used the surface curvature to detect salient keypoints and then
for each possible pair of keypoints they find the reflection transformation [103].
Then, the reflection transformation votes in the reflection transformation space.
Then, they used the Hough transformation to find the dominant reflection symmetry
transformations. Shi et al. used surface curvature and the Lie algebraic approach
to detect the global extrinsic symmetry [144]. Martinet et al. used the generalized
moment functions [98]. Berner et al. constructed a graph, on keypoints detected
based on the slippage features [14]. Speciale et al. used high curvature keypoints in
the point clouds and used the RANSAC and the Hough transform to detect global
symmetry plane and used it to reconstruct the 3D surface and model completion
[154]. There are various exciting approaches which use surface features to detect
symmetry such as: ([18, 74, 166, 180, 122, 126, 156]).
All these methods use feature descriptors for 3D keypoints. However, obtaining
robust feature descriptor of a 3D keypoint is difficult in the presence of outliers
and missing parts. In the first approach, we propose an algorithm for detecting reflection symmetry in point clouds without using feature descriptors. In the second
approach, we use the feature descriptors in the images which are used to reconstruct
the 3D point cloud. The SIFT feature descriptors of image keypoints are proven
to be robust to scale and rotations. In [28], the symmetry in the 3D geometry is
discovered through the structure from motion (SfM). They used the false positive
matches occurring in the SfM and the matches were obtained by matching feature
points of two images by mirroring the SIFT descriptors to determine the 3D symmetry in the sparsely reconstructed 3D model. Our second approach differs from the
method proposed in [28] in two significant aspects: we use the best buddy similarity
measure for robustness to occlusion and background clutter and an optimization
based closed form solution to determine the mirror symmetric plane. There exist
several algorithms which find symmetry in meshes and volume without sampling
keypoints [118, 180, 63]. However, they use the mesh connectivity to find the symmetry. Therefore, these methods can not be used to detect extrinsic symmetry in
the point clouds.
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5.2 Robust 3D Reflection Symmetry Detection
We pose the problem of reflection symmetry detection as an optimization problem.
We use the reflection symmetry transformation to formulate the optimization problem. We parametrize the plane of reflection symmetry using a rotation matrix and a
translation vector and represent the correspondences between the reflective symmetric points using a permutation matrix. We solve the proposed optimization problem
for the reflection matrix, the translation vector, and the permutation matrix. The
main challenge lies in the fact that the proposed optimization problem is non-linear
and non-convex in the reflection matrix and NP-hard in the estimation of correspondences between the reflective symmetric points. There are also impurities present
in the input point cloud such as outliers, missing parts, and approximate symmetry.
We propose a fast randomized algorithm to initialize the reflection matrix such that
the estimated reflection matrix is in the proximity of the global minimum which
helps to converge to the global minimum. We also initialize the translation vector
as the mean of the input cloud using the fact that the reflection symmetry plane of
an object passes through the center of mass of the object. Then, we use the reflection matrix and the translation vector to estimate the symmetric correspondences.
Then, we update the reflection matrix and the translation vector using these correspondences. We iteratively repeat this procedure until convergence. In Figure 5.1,
we show the detected reflection symmetry plane by our approach in real scans. The

Figure 5.1. Detected plane of reflection symmetry using the proposed approach in scans
of two real world objects from the dataset [45].

proposed approach is dependent only on the geometry of the input point cloud and
does not use any feature descriptor. Therefore, our approach can be applied to data
of any form such as point cloud sampled from the surface of the symmetric object
and the volumetric point cloud. This is advantageous since all the descriptors might
not be invariant to the outliers and the type of descriptor used also depends on the
form of the input point cloud.
Our main contributions are the following.
1. We formulate the problem of detecting reflection symmetry as an optimization
problem to find the global reflection symmetry in both the volumetric point
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cloud and the point cloud sampled from the surface of an object in the presence
of outliers, perturbation from the perfect symmetry, and missing parts.
2. We empirically show that the proposed optimization problem is a non-linear
and non-convex problem and provide a fast descriptor-free randomized algorithm to initialize the reflection symmetry plane.
3. We provide a closed-form solution to the problem of estimating the global 3D
reflection symmetry plane.

5.2.1

Problem Formulation

Let P = {p1 , p2 , .[. . , pn } be the input
cloud with n points and represented
] point
3×n
by a matrix P = p1 p2 . . . pn ∈ R
. As proposed in [113], the reflection
of a point about a given symmetry axis is obtained by translating the origin of the
coordinate system on the symmetry axis and then by rotating it such that the x-axis
is aligned with the symmetry axis. Then, we negate the y-coordinate of the point
and rotate back the coordinate system to the original position. A similar sequence
of transformations is followed in the 3D space.
More formally, if pj is the reflection of the point pi , then we can represent this
whole procedure as follows.
⊤
pj = R⊤
θx Rθy DRθy Rθx (pi − c) + c.

(5.1)

Here, the matrices Rθx and Rθy represent the rotation matrices by the angle θx about
[
]
I2 02
x-axis and by the angle θy about the y-axis, respectively. The matrix D = ⊤
02 −1
negates the z-coordinate of a point. Here, I2 is the 2 × 2 identity matrix and 02 is
the zero vector of size 2 × 1. Now, let R = Rθy Rθx , then pj = R⊤ DR(pi − c) + c.
Therefore, given the input point cloud P, our goal is to find the reflection symmetry
transformation matrices Rθx , Rθy , c, and all the pairs (pi , pj ) of reflective symmetric
points pi and pj . We formulate the problem of finding the reflection symmetry in
an optimization framework as follows. For each pair (pi , pj ) of reflective symmetric
points, we want pj = R⊤ DR(pi − c) + c. However in practice, this equality does
not hold true due to perturbation from the perfect symmetry. Therefore, we want
⊤
2
the error ∥R
small as possible. Therefore, we want
∑ DR(p⊤i − c) + c − pj ∥2 to be as
2
the error i∈[n] ∥R DR(pi − c) + c − pj ∥2 to be minimized with respect to R, c,
and all the pairs (pi , pj ). Here, [n] = {1, 2, . . . , n}. Thus, our goal is to solve the
optimization problem defined in the below equation.
arg min
R,c,

∑
i∈[n]

R⊤ DR(pi − c) + c − pj

2
2

(i,j),∀i∈[n]

subject to R⊤ R = I, det(R) = 1, R ∈ R3×3 , c ∈ R3 .

5.2.2

(5.2)

Proposed Approach

In order to solve the optimization problem defined in Equation (5.2), we follow
the following alternating optimization approach. We first initialize the reflection
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matrices R, c, and find the pairs of reflective symmetric points. We then update
the reflection symmetry matrices R and c. We again update the mirror image of each
point. We iteratively keep repeating this process until there are no further changes
in R, c, and the mirror image of each point. First, we rewrite the optimization
problem defined in Equation (5.2) in a more convenient form as follows.
Let us denote the correspondences between the reflective symmetric points by
the matrix Π ∈ {0, 1}n×n , such that Π(i, j) = Π(j, i) = 1, if pj = R⊤ DR(pi −c)+c,
Π(i, j) = Π(j, i) = 0, otherwise. We further let S = R⊤ DR. The matrices R and
D are orthogonal and the determinant of the matrix D is equal to −1. Therefore,
the matrix S is an orthogonal matrix with determinant equal to −1. We observe
that the matrix Π is a permutation matrix. Further, since the plane of reflection
symmetry passes through the center of mass of the object and the point c is any
point on the plane of reflection symmetry. Therefore, we center the input point
cloud to have c = 0 by subtracting the mean. Now, the optimization problem
defined in Equation (5.2) can be reformulated as below.
arg min
Π∈{0,1}n×n ,S∈R3×3 ,c∈R3

subject to

S(P − c1⊤ ) + c1⊤ − PΠ

2
F

S⊤ S = I, det(S) = −1.

(5.3)

Fix Π and c and estimate the optimal S
In order to find the reflection matrix S, we fix the matrix Π and minimize the
problem in Equation (5.3) with respect to the matrix S. We derive a closed-form
solution for the matrix S as follows. We can rewrite the optimization problem in
Equation (5.3) for optimizing it with respect to S as max trace((P − c1⊤ )⊤ S(P� −
S

c1⊤ )). This further can be modified using the property of trace as below.
min trace(S(P� − c1⊤ )(P − c1⊤ )⊤ )
S

Now, let W = (P� − c1⊤ )(P − c1⊤ )⊤ be a matrix with W = U�V⊤ be the singular
value decomposition of the matrix W. Then, we have that max trace(SU�V⊤ ) =
max trace(�V⊤ SU).
S

S

Since the matrices S, U, and V are orthogonal matrices,

V⊤ SU is also an orthogonal matrix. Now, according to [153] and [8] the optimal solution S⋆ to this problem satisfies the condition S⋆ = UV⊤ with determinant
equal to −1.

Fix R and Π and estimate the optimal c
In order to find the optimal c, we fix the rotation matrix R and the symmetric
correspondences matrix Π and minimize the optimization problem in Equation (5.3)
with respect to c. Let us rewrite the error function as ∥A − Bc1⊤ ∥2F . Here, A =
SP − PΠ and B = S − I. Now, in order to find the optimal point, we set the
gradient −2B⊤ A1 − 4Bc1⊤ 1 of the error function with respect to c equal to 0.
Therefore,
1 ⊤
Bc⋆ =
B A1.
2n
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2

We further show that the function f (S, c, Π) = S(P − c1⊤ ) + c1⊤ − PΠ F
is convex in c. Therefore, c⋆ is the global minimizer. The Hessian matrix H of
the cost function with respect to c is equal to 4n(I − S). Now, consider the scalar
x⊤ Hx, ∀x ∈ R3 . We have that x⊤ Hx = 4nx⊤ (I − S)x = 4nx⊤ (I − R⊤ DR)x =
4n∥x∥22 − 4nx⊤ R⊤ DRx = 4n∥x∥22 − 4n(Rx)⊤ DRx. Now, let y = Rx. Since R is
a rotation matrix, we have ∥y∥22 = ∥x∥22 . Therefore, x⊤ Hc x = 4n(x21 + x22 + x23 ) −
4n(y12 + y22 − y32 ) = 4n(x21 + x22 + x23 ) − 4n(x21 + x22 + x23 − y32 − y32 ) = 8y32 ≥ 0. Hence,
the Hessian matrix is a positive semi-definite matrix. Therefore, f is convex in c.

Fix R and c and estimate the optimal Π
The correspondences matrix Π is a binary matrix and the problem of finding the
exact Π amounts to solving an integer linear program which is an NP-hard problem.
Instead, we find the approximate Π using the nearest neighbor approach as follows.
Let us define the matrix containing the reflected points as columns as Pr = S(P −
c1⊤ ) + c1⊤ . Then, we define the mirror reflection point for the point pi as the
nearest column from the columns of the matrix Pr . After finding the approximate
reflection points, we further keep only the pairs such that if the reflection point of
the point pi is the point pj and vice versa.
Now, we show that the cost function f is a non-linear and a non-convex function.
Therefore, we need an initialization close to the optimal solution. We propose a fast
randomized algorithm to search for a good initialization.

5.2.3

Initialization Strategy

We have seen that there exists a closed form solution for S, c is the solution of a
linear system, and the matrix Π can be approximated by nearest neighbor approach.
We have proposed an alternating framework where we fix other variables and optimize with respect to one variable. The core problem of this alternating strategy
is the initialization. There are two possibilities: (a) initialize the correspondences
matrix Π and (b) initialize the reflection symmetry parameter S.
Initialize Π: This is an intractable problem since the possible permutation matrices Π are n2 !. Even for hundred points there will 3.0414093×1064 permutation
matrices.
Initialize S: This is the more feasible approach as we show it below. Let us parameterize the space of all orthogonal matrices with determinants equal to −1. We
have seen that S = R⊤ DR, where R is an orthogonal matrix with determinant
equal to +1. The matrix R = Rθx Rθy represents the rotation about the y-axis by
an angle of θy followed by the rotation about the x-axis by an angle of θx . Therefore, the space of all matrices S is parameterized by the parameters θx and θy , such
that θx , θy ∈ [−90◦ , +90◦ ]. Although the domain [−90◦ , +90◦ ] × [−90◦ , +90◦ ] has
infinitely many points to try, we show the following result.
]⊤
[
be the global minimizer of the cost
Result 1. Let the point θ ⋆ = θx⋆ θy⋆
2

function f (θ) = S(θx , θy )(P − c1⊤ ) + c1⊤ − PΠ F . Then f (θ) ≥ f (θ ⋆ ), ∀θ ∈
[θx − ϕ, θx + ϕ] × [θy − ϕ, θy + ϕ] for some angle ϕ.
We empirically show that the approximate value of ϕ is around 10◦ . Therefore, we
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try only for 100 points of the set [−90◦ , +90◦ ] × [−90◦ , +90◦ ]. Now, we empirically
find the value of the angle ϕ. We perform the following two experiments. First, we
construct n1 = 10000 point clouds P with each containing 5000 points with known
ground truth symmetry planes and the correspondences between the reflective symmetric points using Equation (5.1).
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Figure 5.2. (a) Distance of the optimal solution θg from the solution θ c obtained by the
⊤
proposed approach if initialized with the angle θ 0 = [θx θy ] . (b) We observe that the
⊤
distance ∥θ ic − θ ig ∥2 = 0◦ if the initialization angles [θx θy ] ∈ [−10◦ , 10◦ ] × [−10◦ , 10◦ ].

Experiment 1. In the first experiment, we empirically find the diameter of the set
[
]⊤
(in the space of rotation angles) around the global minimum θx⋆ θy⋆ such that if
[
]⊤
we initialize the rotation angles in this set, then our method converges to θx⋆ θy⋆ .
More formally, we find the diameter of the set
{
}
Si = θ 0i ∈ [−90◦ , 90◦ ] × [−90◦ , 90◦ ] : ∥θ ic − θ ig ∥2 = 0◦ , ∀i ∈ {1, . . . , n1 }.
[
]⊤
Here, θ 0 = θx0 θy0 is the initialization point for our approach, θ ic is the optimal
solution returned by our approach, and θ ig is the global minimum for the ith point
∑ 1
∥θ ic − θ ig ∥2 vs the inicloud. In Figure 5.2, we show the average error n11 ni=1
tialization angles θx and θy . We circularly shift the error ∥θ ic − θ ig ∥2 so that the
global minimum is 0◦ , ∀i, to find the average of these errors. We observe that
∥θ ic − θ ig ∥2 = 0◦ if θ 0i ∈ [−10◦ , 10◦ ] × [−10◦ , 10◦ ].
Experiment 2. In the second experiment, we find the errors
ei (θx ) = f (S(θx , θyi ), ci , Πi ), θx ∈ [−90◦ , +90◦ ], i ∈ {1, . . . , n1 }
and
ei (θy ) = f (S(θxi , θy ), ci , Πi ), θy ∈ [−90, +90], i ∈ {1, . . . , n1 }.
Here, θxi , θyi , ci , and Πi are the ground-truth variables for the ith point cloud. In
∑ 1
Figure 5.3, we plot the average error eme = n11 ni=1
ei , the upper bound error
eub = max(e1 , . . . , en1 ), and the lower bound error elb = min(e1 , . . . , en1 ). We circularly shift the error ei so that the global minimum is 0◦ , ∀i, to find these errors.
We observe that eme , eub , and elb are non-linear and non-convex and in the region
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Figure 5.3. Illustration of non-convexity of f . The average errors eme (θx ), eme (θy ), the
upper bound errors eub (θx ), eub (θx ), and the lower bound errors elb (θx ), elb (θx ) vs θx
and θy , respectively.

F-Score

(θx , θy ) ∈ [θx⋆ − 10◦ , θx⋆ + 10◦ ] × [θy⋆ − 10◦ , θy⋆ + 10◦ ], the point (θx⋆ , θx⋆ ) is the only local
minimum point.
Randomized Initialization. The plane of reflective symmetry passes ∑
through
the center of mass of the input point cloud. Therefore, we initialize c = n1 ni=1 pi .
[
]⊤
We have observed that if the initialization angles θx0 θy0
of our approach is
[ 0 0 ]⊤
such that θx θy ∈ D, then the optimal solution achieved by our approach con[
]⊤
verges to the global solution θx⋆ θy⋆ . Here, D = [θx⋆ − 10◦ , θx⋆ + 10◦ ] × [θy⋆ −
10◦ , θy⋆ + 10◦ ]. Therefore, we find the approximate global minimum of the function
f on the quantized domain or the grid domain G = {−90◦ , −70◦ , . . . , +70◦ , +90◦ } ×
{−90◦ , −70◦ , . . . , +70◦ , +90◦ }. The size of the input set may be very large. Therefore, evaluating the function f on all the points of the grid G can be a time consuming
step. Hence, we propose the following randomized algorithm. We choose a subset
Ps of points from the set P uniformly at random such that |Ps | = n2 . Then, we find
the error ||(S(θx , θy ))(Ps − c1⊤ ) + c1⊤ − Ps Πs ||F for each (θx , θy ) ∈ G.We choose
the pair (θx , θy ) for which the error is minimum. In Figure 5.4, we show the F-score
for the proposed method as we vary the number of points (n2 ) sampled uniformly
at random for all the models in dataset [45]. We note that for n2 = 500 the F-score

0.8
0.6
200

600

1000

Figure 5.4. F-score vs the number of sampled points for the initialization.

saturate. Therefore, we choose n2 = 500 for any model. We present all steps in
Algorithm 5.
Robust Symmetry Detection. We know that the L2-norm loss is not robust
to the outliers as even one outlier can produce wrong result. The L1-norm loss can
tolerate up to 50% outliers but it is not differentiable at zero. In order to make
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Algorithm 5 Initializing Reflection Symmetry Plane
[
]
Input: Point cloud P represented as a matrix P = p1 p2 . . . pn ∈ R3×n .
1: Form
the
grid
G
=
{−90◦ , −70◦ , . . . , +70◦ , +90◦ } ×
{−90◦ , −70◦ , . . . , +70◦ , +90◦ }.
2: C ← {0}10×10 .
3: Construct Ps by sampling n2 columns uniformly at random of P.
4: cs ← median(Ps ).
5: for each (s, t) ∈ {1, . . . , 10} × {1, . . . , 10} do
6:
(θx , θy ) ← G(s, t).
7:
Prs ← S(θx , θy )(Ps − cs 1⊤ ) + cs 1⊤ .
8:
Find the nearest column for each column of Prs in the columns of Ps to find
Πs .
9:
C(s, t) ← ||Prs − Ps Πs ||F .
10: end for
11: s0 , t0 ← argmin C.
s,t

(θx0 , θy0 ) ← G(s0 , t0 ).
Output: Initial (θx0 , θy0 ).
12:

our approach robust to outliers, perturbations, and missing parts, we follow the
trimming strategy: the truncated L2-norm [39]. We minimize the cost function
n
∑

(
)
min ∥S(pi − c) + c − pj ∥22 , ϵ .

i=1

Let Pr = S(P − c1⊤ ) + c1⊤ . Then, we find the nearest column for each column of
the matrix Pr in the columns of the matrix P to find Π. Let Q = P�. Now, we
can represent the ith error residual for each pair of reflective symmetric points as
ei = ∥pri − qi ∥22 . We set ϵ equal to median(e1 , . . . , en ) of the error residuals. We find
the optimal S and c using the points for which ei ≤ ϵ. We again update the matrix
Π for all the points using the updated S and c. We iteratively keep repeating this
process until convergence. We stop when the change in the normal vector to the
estimated reflection symmetry plane is less the 0.001◦ and the change in the point on
the estimated c is less then 0.001. We present the complete procedure in Algorithm
6.
In Figure 5.5, we show the convergence for an example point cloud. In Figure 5.5
(a), we visualize the error function f (S, c, Π) as we vary the rotation angles θx and
θy . In Figure 5.5(b), the initial θx and θy are shown as black colored point obtained
by the proposed randomized algorithm. We achieve the global solution denoted as
the green colored point in about 5 iterations using the proposed approach.

5.2.4 Results and Evaluation
Evaluation of Reflection Symmetry Plane
In order to evaluate our method, we follow the procedure proposed in [45]. The
dataset in [45] for single symmetric object contains 1354 3D models representing
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Algorithm 6 Robust Symmetry Detection
[
]
Input: A point cloud P represented as a matrix P = p1 p2 . . . pn ∈ R3×n .
1: Initialize the matrix S using Algorithm 5.
2: for k ∈ {1, 2, . . . , 5} do
3:
Pr ← S(P − c1⊤ ) + c1⊤ .
4:
Find the nearest neighbor for each column of Pr in the columns of P to find
Π.
5:
Q ← P�.
6:
ei ← ∥pri − qi ∥2 , ∀i ∈ [n].
7:
ϵ ← median(e1 , . . . , en ).
8:
Remove the ith columns of P and Pr if ei > ϵ. Update Π as in step 4.
9:
W ← (P� − c1⊤ )(P⊤ − 1c⊤ ).
10:
U�V⊤ ← W.
11:
S ← VU⊤ .
1
12:
c ← solution of the linear system (I − S)c = 2n
(I − S)(SP1 + P�1).
13: end for
Output: Optimal S, t, and Π.
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Figure 5.5. Visualization of the initialization and the convergence. (a) The error function
f (S, c, Π) as we vary the rotation matrix parametrized by the rotation angles θx and
θy about the x-axis and y-axis, perspectively. We observe that it is a non-linear and
a non-convex function. (b) The zoomed contour map (black colored rectangle in (a)).
The initial θx and θy shown as black colored point obtained by the proposed randomized
algorithm.

a symmetric object. We compare the performance of our approach with the performances of the state-of-the-art methods in [26], [37], [154], and [113] using the
F-score metric proposed in [45]. We also compare the performance of our method
with [26] and [113] to see the effect of outliers and perturbation along with the
computational complexity. We do not compare our method with [37] and [154]
based on the above criteria since the implementations of these methods have not
been made available. We find the precision vs recall curves and report the F -score.
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Figure 5.6. Recall vs Precision curves comparisons for [26], [37], [154], [113], and the
proposed approach on the dataset [45]. We report the maximum F-score in the legends
and on the curve using a colored point.

tp
tp
The precision is defined as P = tp+f
p , the recall is defined as R = tp+f n , and the
R
F-Score is defined as F = P2P+R
. Here, tp = the number of estimated symmetry
planes which are correct, f p = the number of estimated symmetry planes which
are incorrect, and f n = the number of ground-truth symmetry planes which are
not detected. In order to determine if a detected plane of reflective symmetry is
correct or incorrect, we follow the same procedure as that of [45] which is stated
as follows. Let pe1 , pe2 , and pe3 be three points on the estimated symmetry plane
and pg1 , pg2 , and pg3 be three points on the ground truth symmetry plane. These
three points are the points of intersection of the symmetry plane with the bounding box of the symmetric object. Then, the estimated symmetry plane is correct if
the angle between the normals of the estimated plane ne = (pe1 − pe2 ) × (pe1 − pe3 )
and the ground truth plane ng = (pg1 − pg2 ) × (pg1 − pg3 ) is less than a threshold
pe +pe
angle. Furthermore, the distance of the center of the estimated plane ce = 1 2 2
from the ground truth symmetry plane is below a given threshold τd . We vary
the angle threshold τθ ∈ [0, 45◦ ] and the distance threshold τd ∈ [0, 2] × w, where,
w = min{∥pe1 −pe2 ∥2 , ∥pe1 −pe3 ∥2 , ∥pg1 −pg2 ∥2 , ∥pg1 −pg3 ∥2 }. In Figure 5.6, we show the
obtained recall vs precision curves for the state-of-the-art approaches in [26], [37],
[154], [113], and the proposed approach on the dataset in [45] for single reflective
symmetry plane. We report the maximum F-score in the legends using a colored
point. We achieve the state-of-the-art performance on the dataset in [45]. In Figure
5.7, we show the detected plane of reflective symmetry on a few models from the
dataset [45].
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Figure 5.7. The detected plane of reflective symmetry on a few models from the dataset
in [45].

Effect of Outliers
We perform the following experiment to analyze the performance of our approach
in the presence of outliers. We add random noise to the input 3D model to get the
noisy model P new = P ∪ P random . Here, P random is a set of noise points and we
choose different number of noise points such that |P random | = τ |P|/100. We chose
τ ∈ {0, 10, . . . , 200}. Each point pri in the set P random is a random vector such that



2(xmx − xmn )rx − 2xmn
pri =  2(ymx − ymn )ry − 2ymn  .
2(zmx − zmn )rz − 2zmn
Here, rx , ry , and rz are three independent random variables in the range [0, 1], xmx ,
xmn are the maximum and the minimum of the x-coordinates of the input models.
For each random P new , we measure the F -score for the methods in [26], [113], and the
proposed method. We perform this experiment on the dataset in [45] by randomly
sampling 1000 points from each model so that we can compare with the method in
[113]. In Figure 5.8 (a), we plot the number of outliers τ (% of number of input
points) vs the F-score. We observe that even if 2/3rd of the points are outliers, the
F-score only drops from 0.90 to 0.85 for our approach. Whereas, the F-score drops
from 0.67 to 0.36 for the method in [26]. In Figure 5.9, we show the detected plane
of reflective symmetry and the correspondences between the reflective symmetric
points for τ = {0, 100, 200}.
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Effect of Perturbation.
We do the following experiment to analyze the performance of our approach after
[
]⊤
perturbation of each point of the model. We perturb each point pi = xi yi zi
as pnew
= pi + prandom . Here, we define
i
[
]⊤
prandom = r sin(θ1 ) cos(ϕ1 ) r sin(θ1 ) sin(ϕ1 ) r cos(θ1 ) .
Here, r ∼ U(0, h), θ1 ∼ U (0, π), and ϕ1 ∼ U(0, 2π) are three uniform random
variables. We choose different values of h = w × min(xmx − xmn , ymx − ymn , zmx −
zmn )/100. Here, w ∈ {0, 20, . . . , 200}. We perform this experiment on the dataset
in [45] by randomly sampling 1000 points from each model so that we can compare
with the method in [113]. In Figure 5.8 (b), we plot the perturbation radius w (%
of number of input points) vs the F-score. We observe that even if w = 200, the
F-score only drops from 0.90 to 0.56. However, for the methods in [26] it reaches till
0.05. In Figure 5.10, we show the detected planes and the correspondences between
symmetric points for w ∈ {0, 100, 200}.
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Figure 5.8. Robustness to the outliers and the perturbation on the models from the dataset
in [45] compared with the methods in [26] and [113]. (a) The τ vs the F-score curves.
(b) The w vs the F-score curves.

Effect of Missing Parts
We do the following experiment to analyze the performance of our approach after
removing some parts from the input model. We remove a subset of points Pr from
the input set P such that |Pr | = η|P|, where η ∈ {0, 0.15, 0.28}. For each η, we calculate the F -score. Again, we use the dataset in [45] to perform this experiment. In
Figure 5.11, we show the detected plane of reflection symmetry and the correspondences between the reflective symmetric points for an example model. We get the
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Figure 5.9. Robustness to the outliers in a model from the dataset in [145]. The detected
plane of reflective symmetry and correspondences between reflective symmetric points
for τ = {0, 100, 200}.

same behavior of the methods [26], [113], and the proposed approach as of the case
for outlier points. The reason is that if a part missing then the points corresponding
to the mirror part will be outliers.

Figure 5.10. Robustness to the perturbation to each point of the input model from
the dataset in [145]. The detected plane of symmetry and correspondences between
reflective symmetric points for w ∈ {0, 100, 200}. Actual points are colored black and
the perturbed points are colored red.

Figure 5.11. Robustness to the missing parts in a model from the dataset in [145]. The
detected plane and correspondences between the reflective symmetric points for η ∈
{0, 0.15, 0.28}. Red points denote the removed points.
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Computation time
The method in [26] takes 2060 seconds to compute symmetry in all 1354 models of
the dataset in [45] and takes on an average 1.52 seconds for each model with an
average number of vertices equal to 30,000. The method in [113] solves an Integer
Linear Program (which takes O(n3.5 ) time) and it would take lots of time to find
symmetry in a model with an average number of vertices equal to 30,000. It takes
around 38.5 seconds even for a model with a number of vertices equal to 500. We
were not able to solve the integer linear program for n = 30, 000 in our system.
Our algorithm takes 866 seconds to compute symmetry in all 1354 models of the
dataset in [45] and takes on an average 0.63 seconds for each model with an average
number of vertices equal to 30,000. We do this comparison on Linux machine with
i7 processor with 2.7 GHz frequency using MATLAB 17.

5.3 Revealing Hidden 3D Reflection Symmetry
Consider a static scene where reflection symmetry is not evident in any of the 2D
projections due to the variation in viewpoints, perspective projections, and radial
distortions. Hence, we may not be able to detect the symmetry using any of the 2D
projections. The key idea is that we can jointly process all the 2D projections to
reveal the reflection symmetry present in the scene. We reconstruct the sparse 3D
model of the object using these multiple 2D projections. To determine the reflection
symmetry plane in the sparse 3D model, we detect the pair of points in the 3D model
such that the points belonging to the pair are mirror images of each other. To
detect such pairs, we use the visual appearance represented using the SIFT features
of the object captured in the multiple views [88]. Finally, we determine the plane of
reflection symmetry by solving an energy minimization framework. We construct an
energy function by observing that the plane of symmetry should be perpendicular
to the line joining two points which are mirror images of each other and the plane of
symmetry should pass through the mid-point of the line segment joining these two
points. We further show that the problem of minimizing this cost function reduces
to the problem of finding the eigenvector corresponding to the lowest eigenvalue of
a 4 × 4 matrix, therefore our method is very fast. The main contributions are:
1. Detection of 3D reflection symmetry from sparsely reconstructed 3D model.
2. A new approach to determine the pairs of points which are mirror images of
each other.
3. A novel energy minimization framework for the estimation of the symmetry
plane.

5.3.1 Sparse 3D Model Reconstruction
The reflection symmetry may be detected from a given dense 3D model using surface
features. However, reconstruction of dense 3D models is computationally expensive.
We use just the 2D projections and sparse 3D model to determine the reflection
symmetry plane. The other motivation to construct only sparse model is that, to
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determine the plane of symmetry, we need only a few correct pairs of matched points
which are mirror reflections of each other. Let {Ii }ni=1 be the set of images of a static
scene captured from n viewpoints. To reconstruct the sparse 3D model, we use the
most recent SfM (structure from motion) approach [137]. It provides the sparse 3D
model and the camera intrinsic and extrinsic parameters. Let P = {pj }m
j=1 be the
set of reconstructed 3D points and let pij be the projection of the 3D point pj in
the image Ii . Consider Figure 5.12 for graphical illustration. We denote a point p
[
]⊤
[
]⊤
as p = xp yp zp 1 , where xp yp zp is the 3D-coordinate of the point
p.

Symmetry Plane
π : π1 x + π2 y + π3 z + π4 = 0
pri

n
ui
pli

l
r
pm
i =Mid-point of points pi and pi

pr1i
...
pl1i
View 1

pr2i
pl2i
View 2

prni

prni
View n

Figure 5.12. Representation of reflection symmetry plane in 3D and its projections in
respective 2D images.

5.3.2

Detecting Mirror Symmetric Point Pairs

Ideally, a plane is uniquely determined by a point on it and a vector normal to it.
Therefore, we can determine the mirror symmetry plane if we know a point and its
mirror image through this plane. This is since given a point and its mirror image,
the vector joining these two points and their mid-point will uniquely determine
the symmetry plane. However, due to the noisy point coordinates, we may not be
able to accurately estimate the mirror symmetry plane with only a single pair of
mirror symmetric points. Therefore, we find as many as approximate pairs of mirror
symmetric points. We define a pair of points to be mirror symmetric points pair
(MSPP) if one point is the mirror image of the other point. Our goal is to determine
such MSPPs in the 3D model. Instead of using the 3D surface patch matching to
determine the MSPPs, we use the content of the images that we use to construct the
3D model. We determine if two points in the 3D model form a mirror symmetric
points pair based on the best buddy similarity measure which has been shown to be
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robust to occlusion and background clutter [33].
Let pj , pk ∈ P be any two 3D points, and let A = P\{pj } and B = P\{pk }.
Points pj and pk form an MSPP if pk is the nearest neighbor of pj and pj is the
nearest neighbor of pk or equivalently,

MSPP(pj , pk ) =


1,

m
if (pk = arg min ∥dj − dm
r ∥2 ) ∧ (pj = arg min ∥dk − dr ∥2 )

0,

otherwise.

pr ∈A

pr ∈B

where MSPP(pj , pk ) denotes if the points pj and pk form a mirror symmetric
point pair or not, dj and dk denote the SIFT descriptors of the points pj and
pk respectively, and dm
r denotes the mirrored SIFT descriptor of the point pr . In
order to determine the SIFT descriptor, dj , of the 3D point pj we consider its 2D
projections. We calculate the SIFT descriptors {dij }ni=1 of 2D projections {pij }ni=1
of the point pj , and set dj to be the average of these descriptors. If pj and pk form
an MSPP, then their descriptors should be similar. However, mirroring is not just
the rotation and translation. Therefore, their scale and rotationally invariant SIFT
descriptors will not be similar. To overcome this challenge, we mirror the SIFT
descriptor of the point pk as follows.
We want that if two keypoints are mirror reflections of each other, then their
descriptors should be the same. Let the points pj and pk be the mirror reflections of
each other and dj and dk be their SIFT descriptors, respectively. Due to the mirror
reflection transformation, neighbors of both the points pj and pk will be identical
but their locations with respect to pj and pk will be different. Therefore, the
mirrored SIFT descriptor of the point pj can be obtained by permuting the indices
of the descriptor of the point pj that is dm
j = Pγ dj . Here, Pγ is a permutation
matrix for the permutation γ of the descriptor indices. In the work [89], authors
have calculated the matrix Pγ by manually reordering the elements of any SIFT
descriptor vector such that the reordered elements represent the original image patch
flipped about the axis aligned with the dominant orientation.

5.3.3 Detecting Mirror Symmetry Plane
Given the set of mirror symmetric point pairs, we need to determine the symmetry
plane. Due to the variations in viewpoint, camera settings, illumination, and noise,
we may not be able to get accurate MSPPs. Hence, we can not determine the
symmetry plane by an MSPP. To correctly determine the symmetry plane given the
MSPPs, we can use the voting based methods, such as Hough transform. Due to
the high time complexity of voting based methods, we form an energy function and
minimize it to get the optimal symmetry plane.
Let {(pli , pri )}si=1 be the set of MSPPs, where s is the number of detected MSPPs.
Let π : π1 x + π2 y + π3 z + π4 = 0 be the plane of symmetry. This plane π is the
correct symmetry plane for the obtained sparse 3D model if it satisfies the following
two geometric constraints.
The line joining points pli and pri should be perpendicular to the plane of sym[
]⊤
metry π or parallel to the normal vector of the plane π. Let ui = ui1 ui2 ui3
be the vector that joins the points pli and pri and the normal vector n of the plane
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[
]⊤
π is equal to π1 π2 π3 . Therefore the vectors, n and ui , should be parallel. This means that their cross-product should be equal to a zero vector, thus
ui × n = 0, ∀i ∈ {1, 2, . . . , s}.
The above equality is equivalent to


0
−ui3 ui2 0
0
−ui1 0 .
Ui π = 0, where Ui =  ui3
(5.4)
−ui2 ui1
0
0
r
l
Let pm
i be the mid-point of the line segment joining the points pi and pi . Then
point Pim should lie on the plane π, which means

π ⊤ pm
i = 0, ∀i ∈ {1, 2, . . . , s}.

(5.5)

In Figure 5.12, we represent the graphical view of the constraints. We want the
mirror symmetric plane π such that it satisfies the constraints defined in Equations
(5.4) and (5.5) for all the MSPPs. However, obtained MSPPs can be erroneous.
Therefore, we construct an energy function and
it to find the)optimal
(
∑ minimize
2
2
plane π ∗ . We define the energy function to be si=1 (π ⊤ pm
i ) + λ∥Ui π∥2 , where
λ is a parameter which controls the dominance between the constraints defined in
Equations (5.4) and (5.5). Since the optimal plane should satisfy both the constraints, we set λ = 1. To determine the minimum of this cost function, we set its
gradient equal to zero and further simplify it. We can then represent it in the form
of a system of homogeneous equations shown in Equation (5.6).
s (
)
∑
m ⊤
⊤
pm
i (pi ) + λUi Ui π = 0.

(5.6)

i=1

The homogeneous
defined in Equation
(5.6) can be represented as Bπ = 0.
)
∑s ( system
m
m
⊤
⊤
Here, B = i=1 pi (pi ) + λUi Ui . Bπ = 0 always has at least one solution
π ∗ = 0, which is a trivial solution. We are interested in a non-trivial solution. The
non-trivial solution to the problem defined in Equation (5.6) can be found out by
solving the following optimization problem [50].
π ∗ = arg min ∥Bπ∥2 , subject to ∥π∥2 = 1.
π

(5.7)

As shown in ([50], p592) the optimal π ∗ is the eigenvector corresponding to the least
eigenvalue of the matrix B⊤ B .

5.3.4

Robust Model Fitting and Outlier Rejection

We observe that we get many erroneous MSPPs. We remove the outlier MSPPs
using RANSAC [42]. In RANSAC, we need a threshold to determine if a point is
inlier to a particular model. It is difficult to determine the value of this threshold
because we need to know the order of magnitude of residuals. In our case, we
exploit the fact that if an MSPP is an inlier to a plane then the distances of both
the mirror symmetric points from the plane should be equal and the line joining
these mirror symmetric points should be perpendicular to the plane. Assume that
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we are in the j th iteration of model fitting process with RANSAC. Let us consider
l
r
⊤ r
the ith MSPP (pli , pri ). Let π j be the plane obtained. Let ril = π ⊤
j pi and ri = π j pi
be the residuals of point pli and pri respectively from the plane π j . Let ui be the
vector joining the points pli and pri . Then, we say that the ith MSPP is inlier if
(sgn(ril ) ̸= sgn(rir )) is true and the following binary expression is true.
)
)
(
) (
(
u⊤
rl
i nj
< ϵθ ,
1 − ϵr < ri < 1 + ϵr ∧ arccos
ri
∥ui ∥2 ∥nj ∥2
where ‘‘ ∧ ” is the binary AND operator, and sgn(x) = +1 if x > 0 and −1 if
x < 0, x ∈ R. This idea is represented in Figure 5.13. The binary expression
(sgn(ril ) ̸= sgn(rir )) ensures that for an MSPP to be an inlier, points pli and pri
should
be on the opposite
side of the symmetry plane. The binary expression
(
)
ril
1 − ϵd < rr < 1 + ϵd ensures that the points pli and pri are at approximately
i

ril
rir

= 1, but we accept an MSPP with
( u⊤ n )
small tolerance of ϵd > 0. The expression arccos ∥ui ∥i2 ∥njj ∥2 < ϵθ ensures that
equal distance from the plane π j . Ideally

the vector ui joining the mirror symmetric points Pil and Pir should be parallel to
( u⊤ n )
the normal nj to the plane π j . Ideally arccos ∥ui ∥i2 ∥njj ∥2 = 0◦ , but we accept
an MSPP with small tolerance of ϵθ > 0. Using the remaining MSPPs, we find
the consensus plane by solving the optimization problem defined in Equation (5.7).
We further note that a single MSPP is sufficient to determine the symmetry plane.
Hence, there is no randomness involved in this approach. We simply iterate through
all the MSPPs.
ril
rir

pli

ǫθ = 0
ui
nj
ril

=1
pri

pli

ril
rir

nj ǫθ

6= 1

pri

ui
πj

rir

ril

πj

rir

Figure 5.13. Left: Ideal match, Right: Tolerance limits.

5.3.5 Experiments and Results
We apply our algorithm on five datasets D1 [28], D2 [27], D3 [27], D4 [12], and
D5 [151]. For each dataset we choose ϵd = 0.04 and ϵθ = 1◦ . In Figure 5.14, we
represent the results for these datasets. In Table 5.1, we show the computation time
for each step on a computer with 12 GB RAM. We reconstructed 3D model using
the “COLMAP” [137], and the remaining steps were performed on MATLAB. In
columns 4 and 5, we represent the number of MSPPSs before and after the outlier
rejection respectively. We observe that using the proposed approach for outlier
rejection, we are able to extract the inlier MSPPs from the set of total MSPPs
which contains 79%, 88%, 93% and 91% outliers for the datasets from column 1 to
column 4 respectively. For the dataset D5, our method does not get a sufficient
number of MSPPs and fails to detect the symmetry plane. A possible reason is that
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Figure 5.14. (a) Input images, (b) detected MSPPs, and (c) detected reflection symmetry
plane in the reconstructed 3D point cloud. Datasets top to bottom: D1, D2, D3, D4
and D5.

the symmetric region (face of the toy) is smooth and therefore, the SIFT algorithm
does not detect a sufficient number of keypoints in this region.
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Table 5.1. Here, #MSPPs∗ is the number of MSPPs before and MSPPs∗∗ is the number
of MSPPs after outlier rejection.

Dataset
D1 [28]
D2 [27]
D3 [27]
D4 [12]

#Images
10
10
8
10

#3D points
8660
3445
5416
5914

#MSPP∗
1200
1036
1061
1008

#MSPP∗∗
78
54
126
87

Time
140 sec.
72 sec.
94 sec.
136 sec.

5.3.6 Sparsity vs Symmetry Plane
We raise the question as to how many images are needed in order to correctly detect
the symmetry plane? If we increase the number of images in the SfM, then the
number of 3D points increases. Hence, the sparsity of the 3D model decreases.
We perform an experiment in which we increase the sparsity of the 3D model and
determine the symmetry plane for each 3D model. We perform this experiment for
all the four datasets. In Figure 5.15, we show the changes in the plane parameters
π1 , π2 , π3 and π4 (first three parameters represent the plane normal and the fourth
parameter decides plane location with respect to the origin) as we change the sparsity
of 3D points. We show the mean value with standard deviation against the number
of images used. For each dataset, we perform the experiment four times by randomly
selecting the same number of images. We observe that for the datasets D2, D3 and
D4, only five images are sufficient to detect the symmetry plane. For the dataset D1,
it can be observed that just seven images are sufficient to detect the symmetry plane.
However, only one image is sufficient to determine the 3D model, but from a single
image, we might not always get the cues such as defocus and shading. Therefore,
stereo images are sufficient to estimate the 3D model. Since the SIFT descriptor
is invariant to only mild perspective distortions (viewpoint angle vs repeatability
graph in [88]), it is hard to determine the 3D symmetry plane from the stereo
images. Using SfM with three images, we may not get the complete 3D model of
the scene due to occlusion.

5.4 Conclusions
We have proposed two methods for detecting reflection symmetry in 3D point clouds.
In the first method, we proposed a robust approach to find the global reflection
symmetry of the symmetric 3D object with missing parts and containing by outlier points. We split the problem of detecting the reflection symmetry plane and
the correspondences between the reflective symmetric points. We have posed the
problem of detecting the reflection symmetry as an optimization problem which is a
non-convex and a non-linear problem. We proposed a fast randomized algorithm to
find the approximate reflection symmetry for initialization to solve the non-convex
problem. We have provided a closed-form solution for the plane of reflection symmetry. We achieved the state-of-the-art performance on the benchmark dataset. We
further showed that the proposed approach is robust to the outliers, perturbation
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Figure 5.15. Symmetry plane parameters variations against the number of images used
in the SfM framework for the reconstruction of the 3D point cloud.

in each point of the symmetric object, and the missing parts of the symmetric object. Another advantage of the proposed approach is that the proposed approach
is independent of any feature descriptors which makes it applicable to any form of
the input data such as point clouds sampled from the surface of a symmetric object
and volumetric point clouds. In the second method, we have presented an energy
minimization based method for the detection of reflection symmetry present in the
3D scene from the multiple images captured from different viewpoints. We have
used mirrored SIFT features of local image content instead of local surface features
because we only have the sparse 3D model. We have developed a very fast algorithm to detect symmetry axis due to the use of a sparse 3D model and eigenvector
decomposition of a 4 × 4 size matrix. The developed algorithms will be of immense
use in applications such as 3D virtual tour, 3D model restoration, and 3D model
compression.
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Chapter 6

Fast and Accurate Intrinsic
Symmetry Detection
The problem of detecting intrinsic symmetry is shown to be an NP-hard problem
since it amounts to finding an intrinsically symmetric point for each point. Furthermore, the intrinsic symmetry is a non-rigid transformation. Therefore, intrinsic
symmetry is hard to represent by a matrix as opposed to the extrinsic symmetry
which can be represented by a matrix [63]. Therefore, obtaining point-to-point correspondences is time consuming and is an important component of the intrinsic
symmetry detection problem. We exploit the functional map approach that finds
correspondences between functions. In the functional map framework [117], first
function-to-function correspondences are found instead of point-to-point correspondences. Then, the point-to-point correspondences can be recovered in O(n log(n)),
where n is the number of vertices. We extend this framework for the detection of
intrinsic symmetry. The functional map framework has already been used for detecting intrinsic symmetry in previous works ([84], [180]). The main task in these
approaches was to determine the functional correspondence matrix which transforms a function to its intrinsic image. Various constraints have been enforced on
this matrix. It is not known yet, how many constraints are sufficient. Further, they
solved a non-linear optimization problem to estimate the functional correspondence
matrix which makes the method slow. In this work, for the intrinsic symmetry detection problem, we show that the functional correspondence matrix is a diagonal
matrix and a diagonal entry is +1 or −1 depending on whether the corresponding
eigenfunction is an even or an odd function. This makes our method faster.
We propose a novel strategy to determine if a particular eigenfunction is an even
or an odd function based on the following result. An eigenfunction is an even (odd)
function if its restriction to the shortest length geodesic curve between the two intrinsically symmetric points on the shape is an even (odd) function. Therefore, we
need to find a few pairs of intrinsically symmetric points which we find based on
our following results. The sign of a low-frequency eigenfunction on the neighboring
This chapter is based on the following publication.
Rajendra Nagar and Shanmuganathan Raman. “Fast and Accurate Intrinsic Symmetry Detection”. In Proceedings of the European Conference on Computer Vision (ECCV), pp. 417-434.
2018.
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points is the same. Therefore, the neighboring points cannot be matched. If we directly pair points based on the similarity between their heat kernel signatures [157],
we may get false pairs. For example, points on the tip of index finger and the tip
of the ring finger of the same hand of a human model. The reason is that, if two
neighboring points are subjected to the same strength heat sources, then their heat
diffusion processes will also be similar. Therefore, this result helps us in excluding
such false pairs. The models of the benchmark datasets are obtained by applying
an imperfect isometry, so the theory only holds approximately. Furthermore, some
of the triangles may not be Delaunay triangles. Therefore, we may not get accurate
correspondences using such eigenfunctions. Hence, we transform the original eigenfunctions to make them near perfect even or odd functions. Following are our main
contributions.
1. We propose a novel approach for finding a set of sparse and accurate pairs
of intrinsically symmetric points based on the property of eigenfunctions of
Laplace-Beltrami operator: the signs of a low frequency eigenfunction on neighboring points are the same.
2. We propose a novel and efficient approach for finding the functional correspondence matrix. We prove that the functional matrix for the intrinsic symmetry
detection problem is a diagonal matrix and a diagonal entry is +1 (−1) if the
corresponding eigenfunction is an even (odd) function.
3. We show that if a manifold contains intrinsic symmetry and an eigenfunction
is an even (odd) function, then its restriction to the shortest length geodesic
between any two intrinsically symmetric points is an even (odd) function.
4. We transform the eigenfunctions to make them more invariant to self-isometry.

6.1

Related Works

Reflective symmetry detection methods are categorized by the types of the input
data and the reflective symmetry present in the input data. The input data can
be a digital image, point clouds, triangle meshes, etc. The main types of reflective
symmetries are the extrinsic and the intrinsic. The well known methods for detecting
the extrinsic symmetry are [103, 126, 98, 77, 144, 165, 150, 154, 89] and for detecting
the intrinsic symmetry are [130, 118, 15, 16, 56, 64, 69, 78, 90, 130, 144, 199, 194, 189,
183, 141, 119, 131]. Furthermore, the intrinsic symmetry can be characterized as
global and partial intrinsic symmetry. Our method finds global and partial intrinsic
symmetry in triangle meshes. We discuss only the relevant works and suggest the
readers to follow the excellent state-of-the-art report in [106] and the survey in [85].
Ovsjanikov et al. detected intrinsic symmetry using the global point signature
(GPS) [118]. The main claim was that the GPS embedding transforms the problem
from intrinsic to extrinsic symmetry detection. They showed that the GPS embedding was robust to the topological noises. They found pairs of symmetric points by
comparing the GPS of one point to the signed-GPS of the other point. The time
complexity of determining the sign (even or odd) of an eigenfunction is O(n log(n))
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since they compared GPSs of all the possible pairs. Furthermore, the time complexity of the overall method is O(k 3 n log(n)), where k is the number of eigenfunctions
used. We propose a more efficient method which takes (O(kn log(n))) for detecting
intrinsic symmetry. Furthermore, we observe that the approach by [118] is sensitive
to the sign flip and eigenfunction ordering. Whereas, our method is independent
of sign flip and ordering since we determine the sign of each eigenfunction independently from the others. Mitra et al. used a voting based approach to detect intrinsic
symmetry and then applied transformation in the voting space to deform the input
model to have perfect extrinsic symmetry [104]. Xu et al. used a generalized voting
scheme to find the partial intrinsic symmetry curve without explicitly finding the
intrinsically symmetric point for each point [190]. Xu et al. efficiently found pairs of
intrinsically symmetric points using a voting based approach [189]. They factored
out symmetry based on the scale of symmetry. However, they needed to tune a parameter depending on how much the input shape is distorted [189]. The methods by
Zheng et al. ([199], [56]) also used voting approaches. These voting based methods
do not utilize spatial coherency. Therefore, they may produce pairs of intrinsically
symmetric points which may not be spatially continuous. Furthermore, they may
have high complexity due to the large number of possible pairs for the voting.
In [130], the authors proposed a non-convex optimization framework to accurately detect full and partial symmetries of 3D models. However, the initialization
severely affects the performance, and the complexity also is very high. Lipman
et al. efficiently found the pairs of intrinsically symmetric points in point clouds
and triangle meshes using the novel symmetry factored embedding technique [80].
However, their main bottleneck is the time complexity which is O(n2.5 log(n)). Kim
et al. used anti-Möbius transformation to accurately find intrinsically symmetric
pairs of points [63]. They first find a sparse set of pairs of intrinsically symmetric
points. Then, they transform intrinsic symmetry into extrinsic symmetry using the
Möbius transform. However, they required O(n2 ) space for mid-edge flattening and
O(|S|4 ) for finding the anti-Möbius transformation, where S is the set of symmetry
invariant points. Furthermore, false pairs in the first step may severely affect the
overall performance.

6.2 Intrinsic Symmetry Detection
6.2.1 Background
Let M be a compact and connected 2-manifold representing the input shape. Let
{
}
∫
2
2
L (M) = f : M → R| ⟨f, f ⟩M =
f (x)dx < ∞
M

be the space of square integrable functions defined on M. The Laplace-Beltrami
operator on a shape M is defined as
∆M f = −divM (∇M f )
and admits an eigenvalue decomposition ∆M ϕi (x) = λi ϕi (x), ∀x ∈ M. Here,
0 = λ1 ≤ λ2 ≤ . . . are the eigenvalues and ϕ1 , ϕ2 , . . . are the corresponding eigenfunctions. The eigenfunctions ϕ1 , ϕ2 , . . . form a basis for the space L2 (M). Therefore,
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any function f ∈ L2 (M) can be represented as
f (x) =

∞
∑

⟨f, ϕi ⟩M ϕi (x), ∀x ∈ M.

i=1

The functional map framework was first proposed in [117] for establishing point-topoint dense correspondence between two isometric shapes. The main idea was to
establish correspondences between the functions, defined on the shapes, rather than
the points. This idea reduced the time complexity to O(n log n). Let M and N
be two shapes. Let Tf : L2 (N ) → L2 (M) be a linear mapping between functions
defined on these shapes. That is, if g : N → R and f : M → R are two corresponding
functions then Tf (g) = f . The mapping Tf is represented by a matrix C ∈ Rk×k such
[
]⊤
[
]⊤
that b = Ca, where a = a1 , a2 , . . . ak and b = b1 , b2 , . . . bk are the
k
M k
representations of the function g and f in the truncated bases {ϕN
i }i and {ϕi }i=1 ,
respectively. Therefore, the main goal is to find the matrix C which completely
characterizes the dense correspondence between the two shapes.

6.2.2

Functional Maps for Intrinsic Symmetry Detection

We extend the functional map framework for detecting the intrinsic symmetry which
can be thought of as a shape correspondence problem where we have to find the
correspondences between the points of the same shape rather than the points on
the two different shapes. The functional map framework works if the two shapes
are isometric. We can use it to detect the intrinsic symmetry since a symmetric
shape is a self-isometry [118]. The intrinsic symmetry Tp : M → M of M is defined
as follows. If the points x ∈ M and y ∈ M are intrinsically symmetric, then
Tp (x) = y and Tp (y) = x. We first find the mapping between the functions and
then use it to find the correspondences between the intrinsically symmetric points.
Let us consider the space L2 (M) and let T : L2 (M) → L2 (M) be a functional map
which maps the functions defined on the same shape. Then, this functional map
completely characterizes the intrinsic symmetry Tp if T (g) = f and T (f ) = g, where
f, g ∈ L2 (M) are intrinsically symmetric functions, i.e.
f ◦ Tp (x) = g(x), g ◦ Tp (x) = f (x), ∀x ∈ M.
Therefore, our goal is to find the matrix C which characterizes the functional mapping T for the intrinsic symmetry detection problem. For the problem of finding
correspondences between two shapes, various constraints have been imposed on the
matrix C. Then the matrix C was the optimal solution of an optimization problem. However, we show that a closed form solution exists for the matrix C for the
problem of detecting the intrinsic symmetry, which we state as follows.
Theorem 6.2.1. Let T : L2 (M) → L2 (M) be a mapping between the functions
defined on a shape M and T characterizes the intrinsic symmetry Tp of M, i.e.
T (g) = f, T (f ) = g, ∀f, g ∈ L2 (M) such that f ◦ Tp (x) = g(x), g ◦ Tp (x) =
f (x), ∀x ∈ M. Then, the matrix C representing T is a diagonal matrix. Ci,i = +1,
if ⟨T (ϕi ), ϕi ⟩M = +1, and Ci,i = −1, if ⟨T (ϕi ), ϕi ⟩M = −1.
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Proof. The functions f, g belong to the space L2 (M). We can represent f and g as
f (x) =

∞
∑

bi ϕi (x),

i=1

g(x) =

∞
∑

ai ϕi (x).

i=1

Since T is a linear mapping, we have
f (x) = T (f )
(∞
)
∑
= T
bi ϕi (x)
i=1

=

∞
∑

bi T (ϕi (x)) .

i=1

Since T (ϕi (x)) is also a function in the space L2 (M), it can be represented in
the basis {ϕi }∞
i=1 as
T (ϕi (x)) =

∞
∑

cij ϕj (x).

j=1

Here cij = ⟨T (ϕi ), ϕj ⟩M . Therefore, we have that
T (f ) =

∞
∞ ∑
∑

cij bi ϕj (x).

j=1 i=1

Since T (f ) = g, it follows that
∞
∞ ∑
∑

Therefore, aj =

∑∞

j=1 i=1

i=1 cij bi .

cij bi ϕj (x) =

∞
∑

aj ϕj (x).

j=1

Equivalently, we can write it as a = Cb, where

Ci,j = cij = ⟨T (ϕi ), ϕj ⟩M .
According to [118], the eigenfunctions (corresponding to the non-repeating eigenvalues) are self-isometry invariant with sign ambiguity, i.e.,
ϕi ◦ Tp (x) = ±ϕi (x), ∀x ∈ M.
Furthermore, the functional map T completely characterizes the intrinsic symmetry.
Therefore, T (ϕi ) = +ϕi , if ϕi ◦ Tp (x) = ϕi (x), and T (ϕi ) = −ϕi , if ϕi ◦ Tp (x) =
−ϕi (x), ∀x ∈ M. Since the eigenfunctions ϕ1 , ϕ2 , . . . form an orthogonal basis for
the space L2 (M), we have that ⟨±ϕi , ϕj ⟩M = 0 if i ̸= j. Therefore,
Ci,j = ⟨T (ϕi ), ϕj ⟩M = ⟨±ϕi , ϕj ⟩M .
Therefore, Ci,j = 0, if i ̸= j. Hence, the matrix C is a diagonal matrix. Furthermore,
Ci,i = +1, if ⟨T (ϕi ), ϕi ⟩M = +1, and Ci,i = −1, if ⟨T (ϕi ), ϕi ⟩M = −1.
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Figure 6.1. Illustration of Theorem 6.2.1.

Figure 6.2. 2nd to 13th Eigenfunctions of the Laplace-Beltrami operator of a kid model.

Therefore, the problem of determining whether Ci,i = +1 or Ci,i = −1 is equivalent to determining whether ϕi ◦ Tp (x) = +ϕi (x) or ϕi ◦ Tp (x) = −ϕi (x), ∀x ∈ M.
In Figure 6.1, we show the illustration of Theorem 6.2.1 for an odd function and
and an even function. In Figure 6.2, we show the 2nd to 13th eigenfunctions of a
kid model. We observe that the eigenfunctions ϕ2 , ϕ5 , ϕ6 , ϕ7 , ϕ10 , ϕ11 , ϕ12 are even
functions and the eigenfunctions ϕ3 , ϕ4 , ϕ8 , ϕ9 , ϕ13 are odd functions. Our goal is
to determine an eigenfunction is even or odd function automatically. It is observed
that if ϕi ◦ Tp = +ϕi then ϕi is a symmetric or an even function and if ϕi ◦ Tp = −ϕi ,
then ϕi is an anti-symmetric or an odd function in the intrinsic sense. We can
not apply the definition of the vector space here, since the domain of the eigenfunctions is not a vector space. A function f : R2 → R is an even function, if
f (−x) = f (x), ∀x ∈ R2 . This definition is not valid for the functions defined on the
manifolds, since if x ∈ M, then it may not always be true that −x ∈ M. However,
we generalize the following property of vector spaces to the manifolds to determine
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the sign of eigenfunctions. Let f : R2 → R be a function symmetric on R2 and
ℓ = {x : x = tx1 + (1 − t)x2 , t ∈ [0, 1]} be the line segment joining the mirror symmetric points x1 and x2 . Then, it is trivial to show that the restriction fℓ : ℓ → R
of the function f on the set ℓ is also symmetric. Here, we also observe that the set
R2 is symmetric about any of its coordinate axes and the set ℓ is also symmetric.
We formally generalize these results on manifolds as follows.
Theorem 6.2.2. Let M be a compact and connected 2-manifold. Let there exist a
self-isometry Tp : M → M on M. Let x, y ∈ M be two points which are intrinsically
symmetric, i.e., Tp (x) = y and Tp (y) = x. Let γ(t) : [0, 1] → M be the shortest
length geodesic curve between the points x and y such that γ(0) = x and γ(1) = y.
Then,
Tp (γ(t)) = γ(1 − t) and Tp (γ(1 − t)) = γ(t), ∀t ∈ [0, 1].
Proof. Let β(t) = Tp (γ(t)). We have to show that β(t) = γ(1 − t). Since Tp is
an isometry, according to (Proposition 16.3, [46], Chapter 3, p91 [115]) Tp maps
a shortest length geodesic on M to a shortest length geodesic on M. Therefore,
β(t) is also a shortest length geodesic. Now, we have β(0) = Tp (γ(0)) = Tp (x) = y
and β(1) = Tp (γ(1)) = Tp (y) = x. Therefore, β(t) is the shortest length geodesic
between the points x and y such that β(0) = y and β(1) = x. Since there can
only be a single shortest length geodesic curve between two points (except continuous symmetry, like sphere), both the geodesics γ(t) and β(t) trace the same path.
However, their start and end points are flipped. Therefore,
β(t) = γ(1 − t)
⇒ Tp (γ(t)) = γ(1 − t).
Since the self-isometry is an involution, i.e.
Tp ◦ Tp (x) = x, ∀x ∈ M,
we have
γ(t) = Tp ◦ Tp (γ(t)) = Tp (Tp (γ(t))) = Tp (γ(1 − t))
⇒ Tp (γ(1 − t)) = γ(t).

In Figure 6.3(a), we show the illustration of Theorem 6.2.2. The intuitive understanding is that if a shape is intrinsically symmetric, then the shortest length
geodesic curve between any two intrinsically symmetric points is also intrinsically
symmetric. This result helps us to determine the sign of the eigenfunctions of the
Laplace-Beltrami operator. First, we show that the result ϕi ◦ Tp (x) = ±ϕi (x) ∀x ∈
M holds true if we restrict the eigenfunctions on the shortest length geodesic curve
between the intrinsically symmetric points. The restriction function of ϕi on a curve
γ(t) is defined as ϕi ◦ γ(t) : [0, 1] → R. Since, ϕi ◦ Tp = ±ϕi , ∀i, each eigenfunction is
always either an even-symmetric (sign= +1) or an odd-symmetric (sign= −1) function. Therefore, if restriction of the eigenfunction ϕi on the shortest length geodesic
curve between the intrinsically symmetric points has sign +1 (−1), then the sign of
ϕi is also +1 (−1).
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Figure 6.3. (a) Illustration of Theorem 6.2.2. If a shape contains intrinsic symmetry,
then the shortest length geodesic between any two symmetric points is also intrinsically
symmetric. (b) Illustration of Proposition 6.2.3: If an eigenfunction is an even (odd)
function, then it restriction on the shortest length geodesic between any two symmetric
points is also an even (odd) function.

Proposition 6.2.3. Let x, y ∈ M be two intrinsically symmetric points and γ(t) :
[0, 1] → M be the shortest length geodesic curve between the points x and y. Then,
ϕi ◦ γ(t) = ±ϕi ◦ γ(1 − t), ∀t ∈ [0, 1].
Proof. Using Theorem 6.2.2, we proceed as
ϕi (γ(t)) = ϕi (Tp (γ(1 − t)))
= (ϕi ◦ Tp )(γ(1 − t)).
We know that ϕi ◦ Tp = ±ϕi . Hence, ϕi (γ(t)) = ±ϕi (γ(1 − t)).
In Figure 6.3(b), we show the illustration of Proposition 6.2.3. We apply the
above result to find whether an eigenfunction is even or odd as follows. We first
determine a set of candidate pairs of intrinsically symmetric points. Then we find
the shortest length geodesic curve between each pair. Then, for each eigenfunction
ϕi , we determine if the restricted eigenfunction ϕi ◦γ(t) is an even or an odd function
for each pair.

6.2.3

Computation of Eigenfunction of Laplace-Beltrami Operator

Let T = (V, F, E) be a triangle mesh, where V is the set of n vertices, F is the set of
faces, and E is the set of edges. We follow the method in [125] to find the eigenvalues
and the corresponding eigenvectors of the Laplace-Beltrami operator in the discrete
settings. The size of both M and A is n×n. The discrete Laplace-Beltrami operator
is defined by the matrix L = −A−1 M. Where,
 cot(α ′ )+cot(β ′ )
jj
jj

if (j, j ′ ) ∈ E

∑ 2
Mj,j ′ = − j ′′ ̸=j Mj,j ′′
if j = j ′


0
if (j, j ′ ) ∈
/ E,
∑
A = diag(a1 , a2 , . . . , an ), and, aj = 31 j ′ ,j ′′ :(j,j ′ ,j ′′ )∈F ajj ′ j ′′ (the area of the shaded
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xj ′

βjj ′

xj

αjj ′

aj
Figure 6.4. A vertex and its 1-ring.

region in the Figure 6.4). Here, ajj ′ j ′′ is the area of the face (j, j ′ , j ′′ ). In the
discrete settings, we denote eigenfunctions by ϕi , i ∈ [k], and are the solutions of
the generalized eigen-problem Mϕi = −λi Aϕi . Here, [k] = {1, 2, . . . , k}. We denote
the value of ϕi at the j-th point by ϕi (xj ).

6.2.4 Pairs of intrinsically symmetric points
In order to detect the intrinsic symmetry, according to Theorem 6.2.1, we need to
find the matrix C defined as Ci,i′ = 0, if i ̸= i′ , Ci,i = +1, if ϕi is an even function,
and Ci,i = −1, if ϕi is an odd function. According to Proposition 6.2.3, the eigenfunction ϕi is an even function (odd) if its restriction on the shortest length geodesic
between intrinsically symmetric points is also an even function (odd). Therefore, our
first task is to find a few accurate candidate pairs of intrinsically symmetric points.
We find the heat kernel signature (HKS) feature points [157]
given mesh T .
∑k on−λthe
t
i
h
HKS feature points are the local maxima of the function i=1 e
ϕ2i (xj ) defined
on the shape T for all vertices xj , j ∈ [n]. We use k = 13 for our experiments.

(a)

(b)

(c)

Figure 6.5. Direct HKS matching vs. restricted HKS matching. (a)-(b) Pairs of intrinsically symmetric points using HKS similarity. It suffers from the fact that if two
neighboring points are subjected to a same strength heat source, then their heat diffusions will be similar. (c) Pairs obtained by restricted HKS matching. We observe
that the sign of low frequency eigenfunctions on two neighboring points is the same.
Therefore, we assign a high cost for pairing two points having the same vectors of signs
of eigenfunctions.
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Figure 6.6. Limitation of direct matching of HKSs.
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Figure 6.7. Illustration of Observation 1.

Let {xj }j∈I be the set of HKS feature points, where, I ⊂ [n], and |I| = d. We set
10
th = 4 ln
as defined in [157]. To find the pairs of intrinsically symmetric points,
λ2
we do not directly match the HKS descriptors. The reason is that this strategy may
fail very frequently. In Figure 6.5(a), we show the detected HKS feature points and
the pairs detected by direct matching of their HKS descriptors on the Kids model
[31]. In Figure 6.5(b), we show the zoomed pairs of symmetric points on the feet
and the hands for better visualization. We observe that the tips of two fingers of
the same hand got paired. The reason behind getting such matches is that if two
neighboring points are subjected to a same strength heat source, then their heat
diffusion processes will be similar. Therefore, their HKS descriptors will be similar.
Consider the Figure 6.6. The HKS signatures of the fingers of the same hand are
more similar than the HKS of the two fingers of two different hands. Hence, we have
to assign a high cost for pairing two neighboring points. Furthermore, determining
if two points are neighbors requires us to find the geodesic distance between each
possible pair. This can be a costly process since there can be a large number of
possible pairs. We propose a fast approach to determine if two points are neighbors
based on the following observation.
Observation 1. Let xj and xj ′ be any two neighboring points in T . Then, sj = sj ′
for low frequency eigenfunctions, i.e., for small k.
Here,
the j-th and j ′ -th columns of the matrix
[ the vectors s]j and sj ′ denote
k×d
S = s1 s2 . . . sd ∈ {−1, +1} . The i-th element of the vector sj is the
sign of the i-th eigenfunction on the j-th point of the set {xj }j∈I . For illustration consider Figure 6.7. The HKS-points lie in the same nodal domain for first
17th eigenfunction and thereafter them lie in different nodal domains. We give an
intuitive understanding of this observation based on the nodal domains of the eigenfunctions. The nodal set of the eigenfunction ϕi is the set Bi = {x ∈ M : ϕi (x) = 0}.
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A nodal domain is a component in the set M\Bi . The set M\Bi is the collection
of components or segments on the shape which are separated by the set Bi . The
value of the eigenfunction ϕi in any of its nodal domain is either positive or negative
[196, 133]. Therefore, if two points lie in the same nodal domain, then the eigenfunction ϕi will have the same sign on both the points. Now, the neighborliness
of two points depends on the size or the area of the nodal domain. According to
the Courant’s nodal domain theorem, the number of nodal domains of ϕi is less
than i [196]. Therefore, the size of the nodal domains remains significantly large
for low frequency eigenfunctions. Hence, neighboring points remain in the same
nodal domain for all the low frequency eigenfunctions. Therefore, the sign of all
low frequency eigenfunctions remains the same on neighboring points. We choose
eigenfunctions corresponding to the first 13 lowest eigenvalues and corresponding
eigenvectors for our experiment.
Hence, we assign a high cost for pairing
j ′ , if their sign vectors
[ the points xj]and xh×d
sj and sj ′ are the same. Let H = h1 h2 . . . hd ∈ R
be the heat kernel
signatures matrix of the detected d HKS feature points, where we choose h = 50
steps. We define the affinity matrix W ∈ Rd×d such that
= ∥hj − hj ′ ∥2 + qψ(∥sj − sj ′ ∥2 ), ∀(j, j ′ ) ∈ [d] × [d], j ̸= j ′ .

Wj,j ′

Here ψ(t) = 0, if t > 0 and ψ(t) = 1, if t = 0, and q is any large positive constant.
We now pair these points such that if xj ′ is intrinsically symmetric point of the point
xj , then xj should be the intrinsically symmetric point of the point xj ′ . We achieve
this by representing the matching by a matrix Π ∈ {0, 1}d×d , where Πj,j ′ = 1 and
Πj ′ ,j = 1, if the points xj and xj ′ form a pair and 0, otherwise. Now, we enforce
the constraints Π1 = 1 and Π⊤ 1 = 1 to achieve one-to-one matching, where 1
is a vector of size d with all elements equal to 1. We get many points which can
not be paired. Therefore, we cap the number of pairs by c which we represent by
the constraint 1⊤ Π1 = 2c. Further, to make it feasible, we modify the one-to-one
matching constraints to Π1 ≤ 1 and Π⊤ 1 ≤ 1. Now, we frame the problem of
pairing the points in the below optimization problem.
min

d
d ∑
∑

Π∈{0,1}d×d

Πj,j ′ Wj,j ′ , subject to Π1 ≤ 1, Π⊤ 1 ≤ 1, 1⊤ Π1 = 2c. (6.1)

j=1 j ′ =1

The above problem in Equation (6.1) is equivalent to the linear assignment problem
defined in the below optimization framework.
min

π∈{0,1}d2 ×1

vec(W)⊤ π, subject to C1 π ≤ 1, C2 π ≤ 1, c⊤
3 π = 2c.

(6.2)

Here, the vector π = vec(Π), C2 = 1⊤ ⊗ I, c3 is the vector of size d2 × 1 with all
elements equal to 1, and I is the identity matrix of size d × d. The matrix C1 is
d × d2 matrix and defined such that the j-th row is the circular shift, by jd elements
on the right, of the row vector of size 1 × d2 with the first d elements equal to 1
and the last d2 − d elements equal to 0. The time complexity of this problem is
exponential in the number of variables. However, the size of our problem is very
small. In all our experiments d ≤ 25. We use the MATLAB function intlinprog
to solve this problem which takes ≈ 0.03 seconds.
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Figure 6.8. (a)-(b): The eigenfunction ϕ2 on the Kids model which is an even function
and its restrictions ϕ2 ◦ γj (t), j = 1, 2, shown in red and blue colors (on hands and feet),
which are also even functions. (c)-(d): The eigenfunction ϕ3 on the Kids model which
is an odd function and its restrictions ϕ3 ◦ γj (t), j = 1, 2, shown in purple and orange
colors (on hands and feet), which are also odd functions.

6.2.5

Determining the Sign of Eigenfunctions

In order to determine if Ci,i = +1 or Ci,i = −1, according to Theorem 6.2.1, we
have to determine the sign of each eigenfunction. Proposition 6.2.3 states that the
eigenfunction ϕi is an even function, if its restriction function ϕi ◦ γj (t) : [0, 1] → R
on the shortest length geodesic curve γj (t) between any two intrinsically symmetric
points xj and xj ′ is an even function and an odd function, otherwise.
Let {(xj , xj ′ )}cj=1 , be the set of detected pairs of intrinsically symmetric points.
We find the shortest length geodesic curve between two intrinsically symmetric
points by using the method in [160] with approximate setting (Dijkstra’s algorithm),
since the exact geodesic curve may not pass through the vertices of the mesh which
may require us to perform interpolation for calculating the values of ϕi ◦ γj (t) for
γj (t) ∈
/ V. With approximate settings, the geodesic curve is a set of vertices. Let
pij be the restriction (vector in discrete setting) of the eigenfunction ϕi on the
shortest length geodesic curve between the intrinsically symmetric points xj and
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xj ′ . Then, we determine the sign of each eigenfunction ϕi as follows. The sign si of
eigenfunction ϕi is defined as follows

si =




+1,

if



−1,

if

c
∑
j=1
c
∑
j=1

We do not consider the eigenfunction ϕi if

p⊤
ij flip(pij ) > 0
p⊤
ij flip(pij ) < 0.
c
∑
j=1

p⊤
ij flip(pij ) = 0. Here, the operator

[
]⊤
[
]⊤
flip flips a vector up side down, e.g., flip( 1 2 3 ) = 3 2 1 . Equivalently,
we define the diagonal entries of the functional correspondence matrix C as Ci,i = si .
In Figure 6.8(a) and (c), we show the eigenfunctions ϕ2 and ϕ3 , respectively, with
the geodesic curves for two pairs of detected intrinsically symmetric points on a
shape from Kids dataset [31]. In Figure 6.8(b) and (d), we show the functions
ϕi ◦ γj (t) for i = 2, 3 and j = 1, 2. We observe that C2,2 = −1 and C3,3 = +1.
One can directly use the values of an eigenfunction on the symmetric points to find
the sign instead of checking it on the geodesic between these points. However, the
point-based approach could be sensitive to the noise. If the value of an eigenfunction
at the feature point has changed due to noise, then the point-based method will fail.
Whereas, it is less likely that due to the noise the value of an eigenfunction will be
changed at all the points on the geodesic. Our geodesic based method will detect
the sign correctly due to signs averaging.

6.2.6 Correcting the Eigenfunctions
The models of the benchmark datasets are obtained by applying an imperfect isometry, so the theory only holds approximately. Furthermore, some of the triangles
may not be Delaune triangles and the eigenfunctions are sensitive to the change in
the triangulation of the mesh. Therefore, all the eigenfunctions may not be perfectly even or odd which may give the erroneous pairs. Consider Figure 6.9(a),
where the eigenfunction ϕ10 is not perfectly even on the legs. We transform the
eigenfunctions such that they preserve the pairs [of intrinsically symmetric
func]
tions. We extend the framework in [71]. Let Φ = ϕ1 ϕ2 . . . ϕk ∈ Rn×k , and
D = diag(λ1 , λ2 , . . . , λk ) ∈ Rk×k . Let ΦR be the transformed basis obtained by
applying the linear operator R on the basis Φ. Then, we impose the constraints
R⊤ DR = D and off(R⊤ DR) = 0 such that the new eigenfunctions should admit to the∑
original
∑ eigenfunction decomposition problem as proposed in [71], where
off(M) = j j ′ :j ′ ̸=j M2j,j ′ for any matrix M.
Now, let fj , gj : M → R be two functions such that fj and gj are intrinsic
images of each other. That is, fj ◦ Tp (x) = gj (x) and gj ◦ Tp (x) = fj (x) are
equivalent. Let fj ∈ Rn and gj ∈ Rn are the discrete versions of fj and gj , respectively. Let R⊤ Φ⊤ fj and R⊤ Φ⊤ gj be the representations of the functions fj
and gj in the basis ΦR, respectively. We
ΦR such
[ want the transformed basis
]
⊤
⊤
⊤
⊤
f1 . . . fc | g1 . . . gc ∈ Rn×2c and
that [R Φ fj = CR Φ gj . Let
] F =
n×2c
G = g1 . . . gc | f1 . . . fc ∈ R
be the matrices representing 2c (bidirectional) pairs of intrinsically symmetric functions. We formulate the below optimizaRajendra Nagar
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tion framework to find the transformation matrix R.
min off(R⊤ DR) + ∥R⊤ DR − D∥2F
R

subject to R⊤ Φ⊤ F = CR⊤ Φ⊤ G, R⊤ R = I, det(R) = +1, R ∈ Rk×k .

(6.3)

Here, R⊤ R = I follows from the fact that the transformed basis ΦR is an orthogonal
basis. We observe that the set {R ∈ Rk×k : R⊤ R = I, det(R) = +1} is the special
orthogonal group SO(k). We solve the below optimization problem.
min

R∈SO(k)

off(R⊤ DR) + ∥R⊤ DR − D∥2F + µ∥R⊤ Φ⊤ F − CR⊤ Φ⊤ G∥2F .

(6.4)

We use the Riemannian-trust-region method, proposed in [1, 2], to solve this op-

(a) ϕ10 before correction

(b) ϕ10 after correction

0.01

0

-0.01
0

0.5

1

(c) Restricted eigenfunctions

(d) Symmetry on the geodesic on the legs before (left) and after (right) correction.
Figure 6.9. Visualization of the eigenfunction correction.

timization problem. We use the manopt toolbox [19] for this purpose. We provide
the Riemannian gradient and Hessian of this cost function in Appendix 6.5. We
empirically found the optimal µ to be equal to 1 in our experiments. We choose the
functions fj and gj such that, fj = 1 at the point xj and 0 everywhere else, and
gj = 1 at the point xj ′ and 0 everywhere else. In Figure 6.9(a) and (b), we show the
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effect of correction on an example eigenfunction (ϕ10 ). We observe that ϕ10 , which
was not perfectly symmetric on the legs and the belly, becomes more symmetric.
The large blue patch on the belly also got moved to center which was more towards
left before correction. Here, the value of eigenfunction is color encoded, more blue
implies more negative and more yellow implies more positive. In Figure 6.9(c), we
show the restriction function of ϕ10 on the shortest length geodesic curve between
the two symmetric points which becomes more symmetric after the correction.

6.2.7 Dense Intrinsically Symmetric Correspondence
Let fj be the function such that fj = 1 at xj and 0 elsewhere. Similarly, let gj ′ be
the function such that gj ′ = 1 at xj ′ and 0 elsewhere. Let R⊤ Φ⊤ fj and R⊤ Φ⊤ gj ′ be
their basis representation. Then, if the point xj and xj ′ are intrinsically symmetric
then R⊤ Φ⊤ fj = CR⊤ Φ⊤ gj ′ . Which is equivalent to R⊤ Φ⊤ F = CR⊤ Φ⊤ G if we
consider all points. Now, if F is equal to the identity matrix of size n × n, then
Gj,j ′ = 1 if point xj and xj ′ form a pair of intrinsically symmetric points, and 0
otherwise. Now following [117], the intrinsically symmetric point of xj is the nearest
neighbor of the j-th column of the matrix R⊤ Φ⊤ among the columns of the matrix
CR⊤ Φ⊤ . The obtained correspondences are continuous as shown in [117]. Our
method is invariant to the ordering of the eigenfunction since the computation of
sign of ϕi and Ci,i only depends on eigenfunctions ϕi .
Eigenfunction correction is crucial in the dense correspondences estimation step.
As shown in the Figure 6.9(a), the eigenfunction shifts on left side (on chest) which
leads to the shift or drift of the correspondences also on the left side. Without
the correction of eigenfunctions, the intrinsically symmetric point of the point xj
is the nearest neighbor of the j-th column of the matrix Φ⊤ among the columns
of the matrix CΦ⊤ . This clearly depends on the shifted eigenfunctions. Therefore,
the intrinsically symmetric point of xj will be shifted from the actual one. In
Figure 6.9(d), we show the detected symmetry on a geodesic on legs before and
after correction.

6.3 Results and Evaluation
6.3.1 Time Complexity
Let n be the number of vertices and∑
k be the number of eigenfunctions. We find
k
−λi th ϕ2 (x ) to find the feature points.
the local maximum of the function
j
i
i=1 e
It requires us to find 2-ring neighborhoods of each vertex. We use the half-edge
data structure which requires O(1) time. Therefore, the overall time for finding the
feature points is O(n). The optimization problem in Equation (6.4) takes O(nk 2 )
when solved using Riemannian trust region method. We use the ANN library [9] to
find the nearest neighbor for each column of the matrix R⊤ Φ⊤ ∈ Rk×n among the
columns of the matrix CR⊤ Φ⊤ ∈ Rk×n which takes time O(kn log(n)). Therefore,
the time complexity is O(kn log(n)) + O(n) + O(nk 2 ) ≈ O(kn log(n)), since k << n.
In our experiments k = 13 (empirically found) and n ≈ 15000.
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Figure 6.10. Results of our approach on the TOSCA [21](first row), the SCAPE [6] (second
and third rows), and the Articulated [179] (fourth and fifth rows) datasets. Detected
correspondences (sparse) are shown in blue color. Correspondences in red color are the
ones detected in Section 6.2.4.
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6.3.2 Comparison
Evaluation Metrics. We use the following evaluation metrics to compare the
results of our method to that of the state-of-the-art methods as defined in [63].
Correspondence rate: Let (xj , xgj ′ ) be the ground truth correspondence and
(xj , xej ′ ) be the estimated correspondence, then the correspondence (xj , xej ′ ) is called
true positive if the geodesic distance between the points xgj ′ and xej ′ is less than
√
area(T )/20π as used in [63]. The correspondence rate is the fraction of true
positive correspondences in the total estimated correspondences. Mesh rate: The
mesh rate is the fraction of shapes for which the correspondence rate is more than
75% in the total shapes as used in [63]. Time Complexity: Total time required
for computing symmetry for each shape in the given dataset.
Table 6.1. The total time for computing intrinsic symmetry for the methods MT [63],
BIM[64], OFM [84], GRS [180], and the proposed approach on the TOSCA dataset [21].

Time (min)

MT
-

BIM
360

OFM
60

GRS
24

Our
8

Datasets. We evaluate our approach on the SCAPE [6] and TOSCA [21]
datasets. The SCAPE dataset contains 71 models. Each model in SCAPE dataset
contains 12500 vertices and 24998 faces. The TOSCA dataset contains 80 models.
On an average 20 ground truth intrinsically symmetric correspondences provided
for each model in the datasets SCAPE and TOSCA. In Figure 6.10, we show a few
results of the proposed approach the TOSCA [21](first row), the SCAPE [6] (second
and third rows), and the Articulated [6] (fourth and fifth rows) datasets. We have
only shown the sparsely detected correspondences for better visualization.
Table 6.2. The correspondence rates and mesh rates for the methods MT [63], BIM [64],
OFM [84], GRS [180], and the proposed approach on the SCAPE dataset [6].

Corr rate (%)
Mesh rate (%)

MT
82.0
71.8

BIM
84.8
76.1

OFM
91.7
97.2

GRS
94.5
98.6

Our
97.5
100

Comparison Methods. We compare the results of our approach on the
datasets SCAPE and TOSCA with the four methods Möbius transformation voting (MT) [63], Blended Intrinsic Maps (BIM) [64], Properly Constraints Orthogonal
Functional Map (OFM) [84], and Group Representation of Symmetries (GRS) [180].
Discussions on the comparison. In Table 6.1, we present the total time required
for detecting the intrinsic symmetry in all the models of the TOSCA dataset for all
the methods. We observe that our method is the fastest method on the TOSCA
dataset. Our method takes around 6 seconds for each model whereas the method
BIM takes around 270 seconds, the method OFM takes around 45 seconds, and the
method GRS takes around 18 seconds. Our method takes 4.2 minutes to compute
intrinsic symmetry in all the models of the SCAPE dataset. The possible reasons
for our faster computation include finding the correspondence matrix using a closed
Rajendra Nagar
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Table 6.3. The correspondence rates and mesh rates for the methods MT [63], BIM [64],
OFM [84], GRS [180], and the proposed approach on the TOSCA dataset [21].

Cat
Centaur
David
Dog
Horse
Michael
Victoria
Wolf
Gorilla
Avg.

MT
66.0
92.0
82.0
91.0
92.0
87.0
83.0
100
85.0

BIM
93.7
100
97.4
100
97.1
98.9
98.3
100
98.9
98.0

Corr rate
OFM
90.9
96.0
94.8
93.2
95.2
94.6
98.7
100
98.9
95.1

(%)
GRS
96.5
92.0
92.5
97.4
99.4
91.4
95.5
100
100
94.5

Our
95.6
100
96.2
98.8
97.3
96.5
96.2
100
100
97.8

MT
54.6
100
57.1
88.9
100
75
63.6
100
76

Mesh Rate (%)
BIM OFM GRS
90.9 90.9
100
100
100
100
100
100
100
100
88.9
100
100
87.5
100
100
100
100
100
100
100
100
100
100
100
100
100
98.7 92.6
100

Our
100
100
100
100
100
100
100
100
100
100

form solution and determining the sign of eigenfunctions by computing the approximate shortest length geodesic curves between two intrinsically symmetric points.
In Tables 6.2 and 6.3, we present the correspondence rate (Corr rate) and the mesh
rate for all the methods for all the models of the SCAPE and the TOSCA datasets,
respectively. The mesh rate for our method is equal to 100% and the correspondence
rate is equal to 97.8% which is very close to the state-of-the-art correspondence rate
98% of the method [64]. However, the average computation time for each mesh
is around 270 seconds for the method [64], whereas it is around 6 seconds for our
method. We achieve the state-of-the-art performance on the SCAPE dataset.
Effect of holes. In Figure 6.11, we show the detected intrinsic symmetry in the
partial model from the SHREC16 [31] dataset. Here, the partial shape is obtained
by making holes in the original shape such that it contains 90% area of the main
shape. We observe that our method is invariant to significant holes.

6.4

Conclusions

In this work, we have presented a fast and an accurate algorithm for detecting intrinsic symmetry in triangle meshes. We showed that the functional correspondence
matrix is a diagonal matrix and a diagonal entry is +1 (−1) if the corresponding
eigenfunction is even (odd). If a 3D model is intrinsically symmetric and an eigenfunction is an even (odd) function, then the restriction function of this eigenfunction
on the shortest length geodesic curve between any two intrinsically symmetric points
is an even (odd) function. This result has helped us to derive a closed form solution
to the functional correspondence matrix for the task of intrinsic symmetry detection. We achieved state-of-the-art performance on the SCAPE dataset and near
state-of-the-art performance the TOSCA dataset. Our method was observed to be
the fastest method on all the datasets. Further, our approach is invariant to the
ordering of eigenfunctions and robust to the presence of holes in the input mesh.
Limitations. Our method is limited to the intrinsic reflective symmetry. It can
not find the other types of symmetries such as rotational symmetry. We would
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like to extend our approach to more general symmetries. Our approach may fail to
detect intrinsic symmetry in non-connected manifolds. As future work, we would
like to extend the functional map to detect intrinsic symmetries in non-connected
manifolds.

Figure 6.11. Partial intrinsic symmetry detection results on the dataset SHREC16 [31].
The holes are represented in the red color.

6.5 Appendix
Computing Riemannian gradient and Hessians of the problem defined in
Equation (6.4)
Consider the optimization problem defined in Equation (6.4). Which is
min off(R⊤ DR) + ∥R⊤ DR − D∥2F
R

subject to R⊤ Φ⊤ F = CR⊤ Φ⊤ G, R⊤ R = I, R ∈ Rk×k .
Rajendra Nagar
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Here, R⊤ R = I follows from the fact that the transformed basis ΦR is an orthogonal
basis. We have R⊤ Φ⊤ AΦR = I ⇒ R⊤ R = I since Φ⊤ AΦ = I. We observe that
the set {R : R⊤ R = I, R ∈ Rk×k } is the special orthogonal group SO(k). Therefore,
we solve the optimization problem
min

R∈SO(k)

off(R⊤ DR) + ∥R⊤ DR − D∥2F + µ∥R⊤ Φ⊤ F − CR⊤ Φ⊤ G∥2F

(6.6)

Here, we choose µ = 1. Now, let f¯ = f¯1 + f¯2 + f¯3 . Where, f¯ : SO(k) → R, and
f¯i : SO(k) → R, i = 1, 2, 3, and are defined as f¯1 (R) = off(R⊤ DR), f¯2 (R) =
∥R⊤ DR − D∥2F , and f¯3 (R) = ∥R⊤ Φ⊤ F − CR⊤ Φ⊤ G∥2F .
Let, f : Rk×k → R be a scalar function on Rk×k and defined as f (R) =
off(R⊤ DR) + ∥R⊤ DR − D∥2F + ∥R⊤ Φ⊤ F − CR⊤ Φ⊤ G∥2F . Let ∇R f be its gradient
(also called classical gradient). Since the function f¯ is the restriction function of
the function f on SO(k), i.e., f¯ : SO(k) → R and f¯(R) = f (R)∀R ∈ SO(k),
the Rimannian gradient of the function f¯ is defined as gradR f¯ = P(∇R f ) =
R(R⊤ ∇R f −(∇R f )⊤ R)
[2]. Therefore, in order to find the Riemannian gradient of
2
the function f¯, first we need to find the classical gradient ∇R f of the function f .
Now let f = f1 + f2 + f3 . Where, fi : Rk×k → R, i = 1, 2, 3, and defined as
f1 (R) = off(R⊤ DR), f2 (R) = ∥R⊤ DR − D∥2F , and f3 (R) = ∥R⊤ F̄ − CR⊤ Ḡ∥2F .
Where, F̄ = Φ⊤ F and Ḡ = Φ⊤ G. We follow [71] to find the gradients of the
function f1 and f2 which are defined as ∇R f1 = 4(DDR − O ⊙ RD) and ∇R f2 =
[
]⊤
4(DDR − DRD). Here, the matrix O = 1⊤ ⊗ λ′1 λ′2 . . . λ′k , 1 is a vector of
size k × 1 with all elements equal to 1, and λ′1 , λ′2 , . . . , λ′k are the diagonal entries of
the matrix R⊤ DR. Now, we find the gradient of the function f3 as follows.
f3 (R) = trace((R⊤ F̄ − CR⊤ Ḡ)⊤ (R⊤ F̄ − CR⊤ Ḡ))
= trace((F̄⊤ R − Ḡ⊤ RC⊤ )(R⊤ F̄ − CR⊤ Ḡ))
= trace(F̄⊤ RR⊤ F̄ − F̄⊤ RCR⊤ Ḡ − Ḡ⊤ RC⊤ R⊤ F̄ + Ḡ⊤ RC⊤ CR⊤ Ḡ)
= trace(F̄⊤ F̄ − F̄⊤ RCR⊤ Ḡ − Ḡ⊤ RCR⊤ F̄ + Ḡ⊤ Ḡ)
= trace(F̄⊤ F̄) − trace(F̄⊤ RCR⊤ Ḡ) − trace(Ḡ⊤ RCR⊤ F̄) + trace(Ḡ⊤ Ḡ)
= trace(F̄⊤ F̄) − 2trace(Ḡ⊤ RCR⊤ F̄) + trace(Ḡ⊤ Ḡ)
Now we have that ∇R (trace(F̄⊤ F̄)) = 0 and ∇R (trace(Ḡ⊤ Ḡ)) = 0. We use
the definitions defined in [123] to find that ∇R (trace(Ḡ⊤ RCR⊤ F̄)) = (F̄Ḡ⊤ +
ḠF̄⊤ )RC. Therefore, ∇R f3 = −2(F̄Ḡ⊤ + ḠF̄⊤ )RC. Therefore, we have
∇R f = 4(DDR − O ⊙ RD) + 4(DDR − DRD) − 2(F̄Ḡ⊤ + ḠF̄⊤ )RC.
Since gradR f = P(∇f¯) =

R(R⊤ ∇f −(∇f )⊤ R)
,
2

therefore we have that

gradR f¯ = 2(R(O⊙RD)⊤ R−O⊙RD)+2(RDR⊤ DR−DRD)−SRC+RCR⊤ SR
Here, S = Φ⊤ FG⊤ Φ + Φ⊤ FG⊤ Φ. The analytical Reimannian Hessian contains
many matrix multiplications (as shown below). Therefore, we use the numerical
approach option in the manopt toolbox [19] to find the Reimannian Hessian.
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The Riemannian Hessian of the function f¯ at R in the direction RΩ is defined
as HessR (f¯)[RΩ] = P(D(∇R f )[RΩ]) [2]. Where, D(gradR f )[RΩ] is the classical
derivative of gradR f in the direction RΩ which is an element of the tangent space of
d
gradR f¯(R+tRΩ)|t=0 .
the SO(k) at the point R and defined as D(gradR f¯)[RΩ] = dt
Now
d
d
D(gradR f¯)[RΩ] =
gradR f¯1 (R + tRΩ)|t=0 + gradR f¯2 (R + tRΩ)|t=0
dt
dt
d
+ gradR f¯3 (R + tRΩ)|t=0
(6.7)
dt
d
grad f¯1 (R + tRΩ)|t=0
dt ( R
d
2((R + tRΩ)(O ⊙ (R + tRΩ)D)⊤ (R + tRΩ)
=
dt
)
−O ⊙ (R + RΩ)D)

D(gradR f¯1 )[RΩ] =

t=0

= 2(R(O ⊙ RD)⊤ RΩ + R(O ⊙ RΩD)⊤ R
+RΩ(O ⊙ RD)⊤ R − O ⊙ RΩD)

(6.8)

d
grad f¯2 (R + tRΩ)|t=0
dt ( R
d
=
2((R + tRΩ)D(R + tRΩ)⊤ D(R + tRΩ)
dt
)
−D(R + tRΩ)D)

D(gradR f¯2 )[RΩ] =

t=0

= 2(RDR⊤ DRΩ + RDΩ⊤ R⊤ DR
+RΩDR⊤ DR − DRΩD)

(6.9)

d
grad f¯3 (R + tRΩ)|t=0
dt ( R
d
=
2((R + tRΩ)C(R + tRΩ)⊤ S(R + tRΩ)
dt
)
−S(R + tRΩ)C)

D(gradR f¯3 )[RΩ] =

t=0

= RCR⊤ SRΩ + RCΩ⊤ R⊤ SR
+RΩCR⊤ SR − SRΩC

(6.10)

Therefore,
D(gradR f¯)[RΩ] = 2(R(O ⊙ RD)⊤ RΩ + R(O ⊙ RΩD)⊤ R
+RΩ(O ⊙ RD)⊤ R − O ⊙ RΩD)
+2(RDR⊤ DRΩ + RDΩ⊤ R⊤ DR
+RΩDR⊤ DR − DRΩD)
+RCR⊤ SRΩ + RCΩ⊤ R⊤ SR
+RΩCR⊤ SR − SRΩC
Rajendra Nagar
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Now, the Riemannian Hessian HessR (f¯)[RΩ] = P(D(gradR f¯)[RΩ]) which contains
many matrix multiplications.
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Chapter 7

Approximate Reflection
Symmetry in a d-Dimensional
Point Set
present in natural and man-made objects enriches the objects to be physically balanced, beautiful, easy to recognize, and easy to understand. Characterizing and
finding the symmetry has been an active topic of research in computer vision and
computer graphics as physical objects form the basis for these research areas. The
digitized objects are mainly represented in the form of meshes, volumes, sets of
points, and images. The primary objective has been to detect symmetry in objects
depicted through these different representations. We particularly aim to detect reflection symmetry present in objects represented by a set of finite number of points
belonging to Rd . In Figure 7.1, we present an example result of the proposed approach for illustration.
The motivation behind detecting symmetry in higher dimensional spaces (d > 3)
is inspired by the fact that many physical data points reside in the space of dimensions greater than three. For example, an RGB-D image captured using a Kinect
sensor, which has become a major tool for interaction of human with machine, has
four dimensions at each pixel location. Another example is the embedding of feature points or shapes into a higher-dimensional space. In the scale invariant feature
transform (SIFT) algorithm, each keypoint is represented in a 128-dimensional space
[88]. We not only target data residing in 2-D (image) and 3-D (point cloud), but
also develop a generic framework to detect symmetry in higher dimensional data.
The problem of establishing correspondences between reflection symmetry points
and determining the hyperplane of reflection symmetry has been extensively studied
due to its astounding applications such as compression of objects, symmetrization,
shape matching, and symmetry aware segmentation of shapes [106]. Most of the
existing algorithms attempt this problem by using surface signatures such as Gaussian curvature, eigenbases of the Laplace-Beltrami operator, and heat kernels for
This chapter is based on the following publication.
Rajendra Nagar and Shanmuganathan Raman. “Detecting Approximate Reflection Symmetry
in a Point Set Using Optimization on Manifold”. IEEE Transactions on Signal Processing 67.6
(2019): 1582-1595.
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Figure 7.1. Established correspondences (shown in (b)) between the reflective symmetric
points sampled from the input model (shown in (a)) using the proposed approach.

the points sampled on a given surface ([14, 103, 106]). The challenge we face is
that, we only have a set of discrete points in Rd . We can not take benefits from
local surface signatures by fitting a surface over these points. For the case d = 2,
an explanation could be that the prominent surface signatures, such as Gaussian
curvatures, are meaningful only if the surface is non-linear. For the case d ≥ 3, an
explanation could be that if the point set represents a volumetric shape, fitting a
surface could be hard and eigenbases of Laplace-Beltrami operator are not defined
for a set of finite points since it is not a compact manifold without the boundary
[118]. Prominent methods such as [80] and [189] are independent of surface features
and employ randomized algorithms to establish correspondences between the reflection symmetry points. However, they require fine tuning of a hyper-parameter to
handle the reflection symmetry patterns perturbed by an unknown source of noise
and an improper choice of this parameter could lead to higher time complexity.
Both these categories of algorithms are sequential in the sense that they first establish the correspondences between the reflection symmetry points and then determine the reflection symmetry hyperplane. Therefore, many outlier correspondences
could be detected along with the correct correspondences. In summary, detecting
symmetry in a set containing a finite number of points is a non-trivial problem.
In this work, we propose an optimization framework where we jointly establish
correspondences between reflection symmetry points and determine the reflection
symmetry hyperplane in a set of points containing a distorted reflection symmetry
pattern. In order to design the cost function, we introduce an affine transformation
to obtain the reflection point of a point in Rd . The main intuition behind forming
this cost function is that the reflection point of a point obtained through the optimal
reflection hyperplane should be present closest to its ground-truth reflection point.
The primary contributions of this work are listed below.
1. We propose an optimization based algorithm to establish correspondences between the reflection symmetry points and determine the reflection symmetry
transformation in a set of discrete points residing in Rd containing a distorted
reflection symmetry pattern.
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2. We show that the proposed optimization framework is convex in translation
and correspondences matrix, and locally convex in each of the rotation matrices.
3. The proposed approach is shown to not use any shape descriptors and can be
applied to point sets obtained by sampling any shape residing in Rd .
4. We demonstrate the effectiveness of the proposed approach by detecting symmetry in 2-D images and 3-D point clouds.

7.1 Related Works
The problem of characterizing and detecting the reflection symmetry in digitized
objects has been extensively studied. The works [85] and [106] provide a survey
of the symmetry detection algorithms. The symmetry detection algorithms can be
categorized based on either the form of the input data or whether the algorithm
is dependent or independent of the surface features. General forms of the input
data are: set of points, mesh, volume, and image. Most of the methods for symmetry detection in meshes first extract salient keypoints on the surface and then
describe each point using local surface features. The prominent surface features are:
Gaussian curvatures, slippage features, moments, geodesic distances, and extended
Gaussian images ([85, 106]).
Symmetry detection in a set of points without features. These algorithms detect reflection symmetry in a set of points without using surface features.
Our work also falls in this category. In the work by Zabrodsky et al., the authors
find the closest shape to a given shape represented by a set of points in R2 and it
requires point correspondences [195]. However, our goal is different in the sense that
we find reflection correspondences within the given set of points in Rd . In the work
by Lipman et al., the authors propose the concept of symmetry factored embedding
where they represent pairs of points which are in the same orbit in a new space and
propose the concept of symmetry factored distance to find the distance between
such pairs [80]. In the work by Xu et al., the authors detect multi-scale symmetry [189]. The authors use a randomized algorithm to detect the correspondences
efficiently. However, performance degrades as the perfect pattern gets perturbed
due to noisy measurements. We compare the correspondences established by our
method to that of this method and show that our method performs better than this
method when the patterns are perturbed. It is fair to compare with this method
on the perturbed patterns because most of the real world patterns are not perfectly
symmetric, e.g., human face and butterfly wings. In the works by Combès et al.
[29], Speciale et al. [154], Ecins et al. [37], Cicconet et al. [26], Li et al. [77],
and Sipiran et al. [150], the authors automatically detect the symmetry plane in a
point cloud. But, the methods in [29], [154], [26], [77], and [150] do not establish
correspondences. However, correspondences are an important aspect as shown in
([189, 80]). Ecins et al. proposed an ICP based approach [37] where they used
the normals at each point to determine the symmetry. However, this method is
applicable only to non-volumetric point clouds, i.e., points sampled from a surface.
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Symmetry detection in meshes using surface features. These algorithms
either directly use surface patches described using local features or first detect the
salient keypoints on the surface and describe them using the local surface features.
Here, we review only the salient works to give an idea of these algorithms. Mitra
et al. detect partial and approximate symmetries in 3D models [103]. They start
with sampling salient keypoints on the surface and pair them up using their local
principal curvatures. Then using the Hough transformation, they find the pairs of
reflection symmetry points. Then in the Hough transformation space, they perform
the clustering of the pairs to determine all the partial symmetries. Martinet et al.
detect symmetries by generalized moment functions where the shape symmetry gets
inherited as symmetry in these functions [98]. Raviv et al. detect symmetry in nonrigid shapes by observing that the intrinsic geometry of a shape is invariant under
non-rigid shape transformations [129]. Berner et al. start with constructing a graph
based on the similarity of slippage features detected on the surface [14]. Then, they
detect the structural regularities by matching the sub-graphs. Cohen et al. detect
symmetry using geometric and image cues [28]. They use it to reconstruct accurate
3D models. We refer the reader to some of the pioneering works for more details
on this category ([18, 74, 104, 122, 166, 60, 81, 144, 180]). There exist algorithms
which find symmetry in meshes and volume without sampling keypoints. The works
described in ([63, 102, 118, 126, 130, 167, 190, 156, 56]) belong to this category.
Symmetry detection algorithm for real images.These algorithms primarily
rely on the local image features such as edge orientations, curvatures, and gradients.
The recent works such as ([90, 75, 146, 89, 164, 52, 185, 121, 171, 23, 11, 70]) present
excellent algorithms for reflection symmetry detection in images. Given the accurate
detection of keypoints, the algorithm developed in this work can be used to detect
reflection symmetry in images without using local features.
Our algorithm is similar to Iterative Closest Point (ICP) algorithm ([17, 136])
only in the sense that we also follow the alternation between the optimization of
reflection transformation (rotation and translation in ICP) and the correspondences
between the mirror symmetric points (correspondences between the points of two
different shapes in ICP). Our algorithm differs from the ICP algorithm since ICP has
a different error function in the transformation parameters than the error function of
our problem. Furthermore, our matching is bijective since we impose the bijectivity
constraints in our optimization framework. These constraints ensure that each point
has exactly one mirror image point.

7.2

Proposed Approach

Consider a set S = {xi }ni=1 of points, where xi ∈ Rd , containing a distorted reflection
symmetry pattern. Our goal is to determine the reflection symmetry transformation and establish the correspondences between the reflection symmetry points. In
Figure 7.2, we show the graphical representation of our problem. We formulate an
optimization framework in which both the correspondences between reflection symmetry points and the reflection symmetry transformation are variables as described
below. We use the notation [k] for the set {1, 2, . . . , k}, where k is a natural number.
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x i′

(R, t)
Correspondence
(i, i′ )

xi
σ

2

Perturbation
Radius

Ideal Point
Perturbed Point
Figure 7.2. Each point of a perfect pattern, shown in gray color, is perturbed to a point
within a circular region around it where the radius is different for all the points and
is unknown. Our goal is to determine the correspondences (i, i′ ) and the reflection
transformation (R, t).

7.2.1 Problem Formulation
We introduce reflection transformation in Rd in order to obtain the reflection of a
point through a hyperplane π, not necessarily passing through the origin. The intuition is based on the fact that any hyperplane in Rd is a d − 1 dimensional subspace.
Therefore, it can be made parallel to the subspace spanned by any d − 1 coordinate
axes by translating the origin of the coordinate system on the hyperplane π and
then rotating these d − 1 axes sequentially (by the angle between the hyperplane π
and the axis). In this new coordinate system, the reflection of a point through the
hyperplane π can be obtained by multiplying the coordinate corresponding to the
remaining axis of the point by −1. Then the reflection in the original coordinate
system is obtained by applying the inverse procedure.
Definition 7.2.1. The reflection point xi′ ∈ Rd of a point xi ∈ Rd through the
reflection symmetry hyperplane π is determined by an affine transformation as shown
in Equation (7.1).

xi′

=

(d−1
∏
u=1

)
Ru

E

(d−1
∏

)⊤
Ru

(xi − t) + t.

(7.1)

u=1

Here, i, i′ ∈ [n], t ∈ Rd is the translation vector which translates the origin of
the coordinate system on the hyperplane π, Ru is a rotation matrix of size d × d
that rotates uth axis about the origin such that it becomes perpendicular to the
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normal of the hyperplane π, and the matrix E is defined as
[
]
Id−1 0d−1
E= ⊤
0d−1 −1
and satisfies E⊤ = E, E⊤ E = Id . The matrix Ru is an orthogonal matrix (R⊤
u Ru =
Ru R⊤
=
I
)
with
determinant
equal
to
+1,
∀u
∈
{1,
2,
.
.
.
,
d
−
1}.
Here,
0
d
d−1 is
u
a vector of size (d − 1) × 1 with all the coordinates equal to zero and Id−1 is an
identity matrix of size (d − 1) × (d − 1).
Now, we introduce the essential properties of this transformation in order to
formulate the problem. We show that the rotation matrices (R1 , . . . , Rd−1 ) and
the translation vector t uniquely determine the reflection hyper-plane π. We let
d−1
∏
T=
Ru throughout this chapter and note that it is again an orthogonal matrix
u=1

with determinant equal to +1.
Theorem 7.2.2. The point xi′ is the reflection of the point xi through the hyperplane
π if and only if the point xi is the reflection of the point xi′ through the hyperplane
π.
Proof. We prove the forward direction of the Theorem 7.2.2, since the backward
direction can be proven in a similar way. Let us assume that the point xi′ is the
reflection of the point xi , therefore Equation (7.1) holds true. Now, we multiply
Equation (7.1) by TET⊤ from left and use the identities E⊤ = E, EE = Id , T⊤ T =
TT⊤ = Id to achieve,
TET⊤ xi′ = xi − t + TET⊤ t
⇒ xi = TET⊤ (xi′ − t) + t.

(7.2)

Theorem 7.2.3. The normal vector of the reflection hyper-plane π lies in the null
space of the matrix Id + TET⊤ , the hyper-plane π passes through t, and the null
space of the matrix Id + TET⊤ is an one-dimensional subspace of Rd
Proof. We subtract Equation (7.1) from Equation (7.2) to achieve
xi − xi′ = TET⊤ (xi′ − xi ) ⇒ (Id + TET⊤ )(xi − xi′ ) = 0.
Therefore, the normal to the reflection hyperplane π, which is in the direction of
the vector (xi − xi′ ), lies in the null space of the matrix (Id + TET⊤ ). It is easy
to show that the reflection hyperplane π passes through the translation t by noting
that the reflection point of the point t is t. This is possible only if the point t lies on
the reflection hyperplane π. We prove that the null space of the matrix Id + TET⊤
is an one-dimensional subspace of Rd in order to show that there exists an unique
hyperplane π. The nullspace of a matrix is the space spanned by the eigenvectors
[
]⊤
corresponding to the zero eigenvalue. Let p = p1 p2 . . . pd
∈ Rd be any
vector. If p is an eigenvector corresponding to the zero eigenvalue of the matrix
Id + TET⊤ then we must have
p⊤ (Id + TET⊤ )p = 0
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⇒ p⊤ Id p + (T⊤ p)⊤ E(T⊤ p) = 0
⇒ p⊤ Id p + b⊤ Eb = 0
⇒

d
∑

p2u +

u=1

⇒

d
∑

d−1
∑

b2u − b2d = 0

u=1

p2u

+

u=1

d
∑

b2u − 2b2d = 0.

(7.3)

u=1

Here, b = T⊤ p. We note that ∥b∥22 = (T⊤ p)⊤ (T⊤ p) = p⊤ p = ∥p∥22 . Therefore,
from Equation (7.3) we have:
d
∑

p2u

+

u=1

d
∑

p2u − 2b2d = 0

u=1

⇒

d
∑

p2u = b2d

u=1

⇒

d−1
∑

b2u = 0.

u=1

Therefore, b1 = b2 = . . . = bd−1 = 0 and bd ∈ R. Hence, the vector b lies in the one
dimensional space {q : q1 = q2 = . . . = qd−1 = 0, qd ∈ R}. Since b = T⊤ p ⇒ p =
Tb. Since the rotation does not change the dimension of a linear space the vector
p also lies in one dimensional space.
Given the set S, our goal is to find all the correct reflection correspondences
∈ [n] × [n] and the matrices (R1 , R2 , . . . , Rd−1 , t) which define the reflection
symmetry hyperplane π. We represent all the correspondences by a permutation
matrix P ∈ {0, 1}n×n , such that Pii′ = 1 if the point xi′ is the reflection point
of the point xi and Pii′ = 0, otherwise. Here we note from Theorem 7.2.2 that
Pii′ = 1 ⇔ Pi′ i = 1.
Now, we
, Rd−1 ) ∈ V. Here, V = Rd×d × Rd×d × . . . × Rd×d .
[ let R = (R1 , R] 2 , . . .d×n
Let X = x1 x2 . . . xn ∈ R
be the matrix containing all the points of the
set S as its columns. Since the ith column of the matrix XP is the reflection point of
the point xi , the reflection transformation (R, t) maps the matrix X to the reflected
points matrix XP. Using Equation (7.1), we write the reflected points in the form
[
]⊤
of the matrix TET⊤ (X − te⊤ ) + te⊤ , where e = 1 1 . . . 1 is a vector of size
n × 1. Therefore, Equation (7.4) holds true when the input set contains a perfect
reflection symmetry pattern.
(
)
TET⊤ X − te⊤ + te⊤ = XP.
(7.4)

(i, i′ )

In practice, a reflection symmetry pattern might have been distorted. Therefore,
we would be able to find only the approximate reflection symmetry. We find the
reflection transformation (R, t) and the correspondences matrix P in such a way
that the symmetry error, which we define as ∥TET⊤ (X − te⊤ ) + te⊤ − XP∥2F , is
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minimized. Here ∥.∥F is the Frobenius norm operator. We frame this problem in
an optimization framework as shown in Equation (7.5).
min

R,t,P

(

d−1
∏

Ru )E(

u=1

s.t.

d−1
∏

Ru

−

te⊤ )

+

te⊤

− XP

u=1

Pe =
R⊤
u Ru

2

)⊤ (X

e, P⊤ e

= Id =

F

= e, P ∈

{0, 1}n×n ,

Ru R⊤
u , det(Ru )

= 1, Ru ∈ Rd×d ,

∀u ∈ [d − 1], t ∈ Rd .

(7.5)

By imposing the constraints Pe = e and P⊤ e = e, we ensure that each point
has only one reflection point. We adopt an alternating optimization approach to
solve the problem defined in Equation (7.5). We start with initializing the reflection
transformation (R, t) and solve for the optimal correspondences P and then for this
optimal P, we solve for optimal the (R, t). We continue to alternate till convergence.
Once P is fixed, if we minimize the cost over the set V × Rd , then we have to
make sure that the orthogonality and the unit determinant constraints hold true for
the matrices Ru , ∀u ∈ [d − 1]. One approach could be the Lagrange augmentation
which requires us to handle 3d − 3 extra Lagrange multipliers. However, we observe
⊤
that the set M = {(R1 , . . . , Rd−1 , t) : R⊤
u Ru = Ru Ru = Id , det(Ru ) = 1, Ru ∈
d×d
d
R , ∀u ∈ [d − 1], t ∈ R } of constraints is a smooth Riemannian product manifold
over which the optimization algorithms are well studied [2].
We solve the sub-optimization problem for optimal (R, t) on a manifold which
we discuss in Section 7.2.2. We observe that the optimization of Equation (7.5) for
P is a standard linear assignment problem for which we formulate an integer linear
program which we discuss in Section 7.2.3.

7.2.2

Optimizing reflection transformation (R, t)

In this step, we fix the correspondences matrix P and find the optimal reflection
transformation (R, t) by taking advantages from the differential structure of the set
M. We shall now briefly introduce the differential geometry of the set M.
Differential geometry of the set M of constraints. In order to introduce
the essential differential geometry of the set M, we follow [2]. The elements of the
set M are of the form (R, t) ≃ (R1 , . . . , Rd−1 , t). All the orthogonal matrices (each
for rotation along a single axis) with determinant +1 form a Lie group, also known
as special orthogonal group, which is a smooth Riemannian manifold. The Euclidean
space Rd is also a smooth Riemannian manifold. Therefore the set M is a product
manifold, SO(2, d) × . . . × SO(2, d) × Rd , the product of d − 1 special orthogonal
groups SO(2, d) and an Euclidean space Rd . Each rotation matrix is performing
rotation about a single axis. Therefore, all the possible rotation matrices about a
particular axis form a SO(2) embedded in the Euclidean space Rd×d . We denote
this group as SO(2, d).
The tangent space T(R,t) M at the point (R, t) ∈ M is
d×d
{(RΩ, t) : Ω⊤
, ∀u ∈ [d − 1], t ∈ Rd }.
u = −Ωu , Ωu ∈ R

(7.6)

Here, RΩ = (R1 Ω1 , . . . , Rd−1 Ωd−1 ). The Riemannian metric ⟨., .⟩(R,t) on the product manifold M, which gives the intrinsic distance between two elements (RΩ, η t )
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and (RΩ′ , η ′t ) of the tangent space at the point (R, t) of the manifold M, is defined
in Equation (7.7).
d−1
∑
⟨
⟩
′
′
(RΩ, η t ), (RΩ′ , η ′t ) (R,t) = η ⊤
η
+
trace(Ω⊤
t t
u Ωu ).

(7.7)

u=1

Let f¯ : V×Rd → R be a scalar function. Let the function f = f¯ |M be the restriction
of the function f¯ on the product manifold M. Since the product manifold M is a
submanifold of the Riemannian manifold V × Rd , the Riemannian gradient of the
function f at the point (R, t) is obtained by projecting the Riemannian gradient
of the function f¯ at the point (R, t) ∈ V × Rd on the tangent space at the point
(R, t) ∈ M. Therefore, the Riemannian gradient of the function f at the point
(R, t) is defined in Equation (7.8).
grad f (R, t) = (PR (∇R f¯), Pt (∇t f¯)) ∈ T(R,t) M.

(7.8)

Since the tangent space at a point in an Euclidean space is again an Euclidean space,
the second component is given by Pt (∇t f¯) = ∇t f¯. The first component is defined
as
PR (∇R f¯) = (PR1 (∇R1 f¯), . . . , PRd−1 (∇Rd−1 f¯)).
Here,
¯
PRj (∇Rj f¯) = Rj skew(R⊤
j ∇Rj f ),
where skew(A) = 0.5(A−A⊤ ). We define ξ Rj (Rj ) = PRj (∇Rj f¯). The Riemannian
Hessian of the function f at a point (R, t) is a linear map, Hess f : T(R,t) M →
T(R,t) M and is defined as shown in Equation (7.9).
Hess f (R, t)[η R , η t ] = (PR (Dξ R (R)[η R ]), Pt (Dξt (t)[η t ])).

(7.9)

Here, the first component PR (DξR (R)[η R ]) is equal to
(PR1 (Dξ R1 (R1 )[η R1 ]), . . . , PRd−1 (Dξ Rd−1 (Rd−1 )[η Rd−1 ])),
where η Rj = Rj Ωj . The term
ξ(x + tη x ) − ξ(x)
t→0
t

Dξ x (x)[η x ] = lim

is the classical derivative of the vector field ξ(x) in the direction η x .
The Riemannian trust region method. Our goal is to minimize the function f (R, t) over the product manifold M. There exists a generalization of the
popular optimization methods on the Riemannian manifolds. Since our problem
is locally convex in each variable Rj , which we prove in Theorem 7.2.8, we employ the Riemannian trust region approach [1]. It requires the Riemannian gradient and the Riemannian Hessian operator for the function f , which we find as
follows. Let f¯ be a function from the set V × Rd to R and defined as f¯(R, t) =
∥TET⊤ (X − te⊤ ) + te⊤ − XP∥2F . Its classical gradients with respect to both the
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variables are given in Equations (7.10) and (7.11). The detailed derivation is given
in Appendices 7.6.1 and 7.6.2.
(
)
∇t f¯ = 2 Id − TET⊤ (2e⊤ et − Xe − XPe).
(7.10)
∏
∏
∏
( j−1
( d−1
) ( d−1
)⊤
∇Rj f¯ = −2
Ru )⊤ A
Ru E
Ru .
u=1

Here,

u=1

(7.11)

u=j+1

A = (XP − te⊤ )(X − te⊤ )⊤ + (X − te⊤ )(XP − te⊤ )⊤

which satisfies A⊤ = A. Now let the function f = f¯ |M be the restriction of
the function f¯ on the set M. We obtain the Riemannian gradient of the function f at a point (R, t) by projecting the Riemannian gradient of the function f¯
over the tangent space T(R,t) at the point (R, t). Since the manifold V × Rd is an
Euclidean space, the Riemannian gradient of the function f¯ is equal to its classical gradient. Therefore, we apply the definition given in Equation (7.8) in order
to find the Riemannian gradient gradf (R, t) of the function f which we denote
as (ξ R1 (R1 ), . . . , ξ Rd−1 (Rd−1 ), ξt ) and define in Equations (7.12) and (7.13). The
detailed derivation is given in Appendices 7.6.3 and 7.6.4.
(
)
ξ t (t) = 2 Id − TET⊤ (2e⊤ et − Xe − XPe),
(7.12)
ξ Rj (Rj ) = −Rj

j
(∏

Ru

∏
∏
)⊤
)⊤ ( d−1
) ( d−1
Ru
A
Ru E

u=1

+ Rj

∏
( d−1

u=1

u=j+1

j
∏
)⊤
) ( d−1
(∏
)
R u A⊤
Ru E
Ru .
u=1

u=j+1

(7.13)

u=1

We determine the Riemannian Hessian of the function f using the definition
given in Equation (7.9). In order to determine the j th component HessRj (f (R, t))[Rj Ωj ]
of the Riemannian Hessian, which is equal to PRj (Dξ Rj (Rj )[Rj Ωj ]), we first find
the classical derivative DξRj (Rj )[Rj Ωj ] of the Riemannian gradient ξRj (Rj ) in
the direction Rj Ωj and then apply the projection operator PRj . Therefore, the j th
component HessRj (f (R, t))[Rj Ωj ] of the Riemannian Hessian is defined as
1
⊤
HessRj (f (R, t))[Rj Ωj ] = Rj ([B1 , [R⊤
j B2 Rj , Ωj ]] + [[Ωj , B1 ], Rj B2 Rj ]). (7.14)
2
The detailed derivation is given in Appendix 7.6.5. Here [., .] is the Lie bracket and
defined as [U, V] = UV − VU for any two matrices U and V,
B1 =

∏
( d−1

∏
( d−1
Ru )E
Ru )⊤ ,

u=j+1

and
B2 =

∏
( j−1
u=1
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In a similar way, we determine the component, Pt (Dξ t (t)[η t ]), of the Riemannian
Hessian which is shown in Equation (7.15).
(
)
Hesst (f (R, t))[η t ] = 4n Id − TET⊤ η t .
(7.15)
The detailed derivation is given in Appendix 7.6.6. Now, we apply the Riemanniantrust-region method using the Riemannian gradient and Hessian defined in Equations (7.12), (7.13), (7.14), and (7.15) in order to obtain the optimal solution. We
use the manopt toolbox in order to implement the optimization problem given in
Equation (7.5) for a fixed P [19].
Determining the reflection symmetry hyperplane π. In order to determine the reflection hyperplane π, we use Theorem 7.2.3 which states that the normal
(d−1
) (d−1
)⊤
∏
∏
vector of π lies in the null space of the matrix Id +
Ru E
Ru
and the
optimal translation t lies on the hyperplane.

u=1

u=1

7.2.3 Optimizing Correspondences P
After obtaining the current estimate of the reflection transformation (R, t), we improve the correspondences matrix P by solving the problem given in Equation (7.5)
while fixing (R, t). We show that this sub-problem is equivalent to a linear assignment problem, where an assignment is a pair (i, i′ ) of reflection symmetry points.
Claim 7.2.4. The optimization problem given in Equation (7.5) is a linear assignment problem in P, for a fixed (R, t).
Proof. Let us consider the cost function in Equation (7.5) and let Xm = TET⊤ (X−
te⊤ ) + te⊤ . We have
∥Xm − XP∥2F = trace((Xm − XP)⊤ (Xm − XP))
⊤
⊤
⊤
= trace(X⊤
m Xm − 2Xm XP + X XPP ).

Since, the first and the third terms (using the fact that the permutation matrices
are orthogonal) are not the functions of P, the problem of finding the point of
minimum of the function ∥Xm − XP∥2F is identical to the problem of finding the
⊤
point of maximum of the function trace(X⊤
m XP). Using the identity trace(A B) =
vec(A)⊤ vec(B), we have that
⊤
⊤
trace(X⊤
m XP) = vec(X Xm ) vec(P).

Here the operator vec vectorizes a matrix by stacking all the columns successively
in a column vector.
Therefore, for a fixed reflection transformation, the problem defined in Equation
(7.5) is equivalent to the problem defined in Equation (7.16).
max

⊤
vec(X⊤
m X) vec(P)

subject to

Pe ≤ e, P⊤ e ≤ e,

P∈{0,1}n×n

(7.16)

which is a standard linear assignment problem.
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Claim 7.2.5. The problem defined in Equation 7.16 is an integer linear program.
Proof. Let v1 be a vector of size n2 × 1 with the first n coordinates equal to one
and the last n(n − 1) coordinates equal to zero. Let e1 be a vector of size n × 1 with
all the coordinates equal to zero except the first coordinate which is equal to one.
[
]⊤
e⊤
. . . e⊤
Let v2 = e⊤
be a vector of size n2 × 1. Now let us construct the
1
1
1
matrices A1 and A2 , each of size n × n2 , such that the ith row of the matrix A1 is
th
equal to the row vector cs(v⊤
1 , n(i − 1)) and the i row of the matrix A2 is equal to
⊤
⊤
the row vector cs(v2 , i − 1). Here cs(v , i) is a row vector obtained by circularly
shifting any row vector v⊤ right by i coordinates.
Now, it is trivial to verify that the constraint P⊤ e ≤ e is equivalent to A1 vec(P) ≤
e and the constraint Pe ≤ e is equivalent to A2 vec(P) ≤ e. Therefore, the problem
defined in Equation (7.16) is equivalent to the problem defined in Equation (7.17).
⊤
vec(X⊤
m X) a

max

2
a∈{0,1}n ×1

subject to

[

A⊤
A⊤
1
2

]⊤

[
]⊤
a ≤ e⊤ e⊤

(7.17)

which is an integer linear program with a = vec(P).
Solving the ILP. Since ILP is an NP-complete problem, there may not exist a
polynomial time algorithm to find the optimal solution. We relax this ILP to a linear
2
2
program by converting the constraint a ∈ {0, 1}n ×1 into a ∈ [0, 1]n ×1 . Now, the
above ILP becomes a linear program. We first solve this LP using the Karmarkar’s
[
]⊤
algorithm in [59] which takes O(n3.5 ) time. The solution a⋆ = a⋆1 a⋆2 . . . a⋆n2
2
of this LP belongs to [0, 1]n ×1 which is a continuous solution. However, our final
[
]⊤
solution af = af1 af2 . . . afn2 of the proposed ILP should be a discrete solution.
We follow the rounding approach, as explained in ([66], ch. 11). The i-th element afi
of the final solution is equal to 1, if a⋆i ≥ 0.5 and equal to 0, if a⋆i < 0.5. This solution
⊤ f
af may not be the optimal solution because according to [66], vec(X⊤
m X) a ≥
1
⊤
⊤
OP
T
OP
T
. Here, a
is the optimal solution of the above ILP.
2 × vec(Xm X) a

7.2.4

Convergence Analysis

We derive the essential results in order to prove that the alternating optimization
framework converges.
Theorem 7.2.6. The cost function f (R, t, P) is convex in the variable t.
Proof. In order to prove this Theorem, we prove that the Riemannian Hessian of
the function f with respect to the variable t is a positive semi-definite (PSD) matrix.
[
]⊤
Let η t = η1 η2 . . . ηd ∈ Rd . Then using the definition of Riemannian metric,
we have
⟨η t , Hesst (f )[η t ]⟩t = η ⊤
t Hesst (f )[η t ].
Ph.D. Thesis

Rajendra Nagar

7.2 Proposed Approach

111

Now, using the Riemannian Hessian Hesst (f )[η t ] defined in Equation (7.15), we
have that
( ⊤ )⊤ ( ⊤ )
⊤
η⊤
E T ηt
t Hesst (f )[η t ] = η t η t − T η t
= ∥η t ∥22 −

d−1
∑

qu + qd2

u=1

=

∥η t ∥22

− ∥q∥22 + 2qd2 .

Here, q = T⊤ η t . Now, we observe that
⊤
⊤
2
∥q∥22 = q⊤ q = η ⊤
t TT η t = η t η t = ∥η t ∥2 .

Therefore,

2
∥η t ∥22 − ∥q∥22 = 0 ⇒ η ⊤
t Hesst (f )[η t ] = 2qd ≥ 0.

Theorem 7.2.7. At the critical point, the matrix T⋆ =
eigenvectors of the matrix A as columns.

∏d

⋆
u=1 Ru

contains the

Proof. At the critical point, the Riemannian gradient given in Equation
(7.13)
) ⊤ van( ∏j
ishes. Therefore, ξ Rj (Rj ) = 0d×d . Now pre-multiplying it with
Rj and
R
u
u=1
)
( ∏d−1
then post-multiplying with
u=j+1 Ru , we achieve
AT⋆ E = T⋆ E(T⋆ )⊤ AT⋆ ⇒ (T⋆ )⊤ AT⋆ E = E(T⋆ )⊤ AT⋆ .
[
]
Q1 q 2
Now, let Q =
= (T⋆ )⊤ AT⋆ be a matrix. Then, we have QE = EQ.
q⊤
q4
3
Therefore,
[
][
] [
][
]
Id−1 0d−1 Q1 q2
Q1 q2 Id−1 0d−1
= ⊤
−1
0d−1 −1
q⊤
q4 0⊤
q⊤
q4
3
3
d−1
⇒ q2 = 0d−1 , q3 = 0d−1 , Q1 Id−1 = Id−1 Q1 .
Since, Id−1 is a diagonal matrix and the equality Q1 Id−1 = Id−1 Q1 holds true, it is
easy to prove that Q1 is a diagonal matrix. Therefore, the matrix Q is also diagonal. The spectral theorem states that every real symmetric matrix has eigenvalue
decomposition with real eigenvalues and orthogonal eigenvectors. Here, we have observed that the matrix A is a real symmetric matrix and satisfies Q = (T⋆ )⊤ AT⋆ ,
where the matrix Q is a diagonal matrix and the matrix T⋆ is an orthogonal matrix.
Therefore, the matrix T⋆ is the matrix containing the eigenvectors of the matrix A.
In Theorem 7.2.8, we prove that the order of stacking eigenvectors of A as columns
of T⋆ affects the convexity of the problem.
Theorem 7.2.8. The cost function f (R, t, P) is locally convex in each rotation
matrix Rj .
Proof. In order to show the local convexity of f (R, t, P) in the variable Rj , we
have to show that the quantity ⟨Rj Ωj , H[Rj Ωj ]⟩Rj ≥ 0 in the neighborhood of
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the optimal angle θj⋆ . Here, H[Rj Ωj ] = HessRj (f (R, t))[Rj Ωj ]. By using the
Riemannian metric defined in Equation (7.7), we have
⊤
⟨Rj Ωj , H[Rj Ωj ]⟩Rj = trace(Ω⊤
j Rj H[Rj Ωj ]).

By using Equation (7.14), the matrix R⊤
j H[Rj Ωj ] is defined as
⊤
⊤
R⊤
j H[Rj Ωj ] = 0.5[B1 , [Rj B2 Rj , Ωj ]] + 0.5[[Ωj , B1 ], Rj B2 Rj ].
⊤
In Appendix 7.6.7, we show that the trace(Ω⊤
j Rj H[Rj Ωj ]) is defined as
⊤
⊤
trace(Ω⊤
j Rj H[Rj Ωj ]) = 4 × trace(Rj B2 Rj (Ωj B1 Ωj − Ωj Ωj B1 )).

(7.18)

[
]
[
]
0 −θ
1 0
We visualize this term for d = 2. For d = 2, the matrix Ω =
,E=
,
θ 0
0 −1
[
]
[
]
a a
cos θ − sin θ
and let A = 1 2 and R =
. We have that
a2 a3
sin θ cos θ
⟨RΩ, H[RΩ]⟩R = 8a2 θ2 sin(2θ) + 4θ2 cos(2θ)(a1 − a3 ).
⟨RΩ,H[RΩ]⟩

R
In Figure 7.3, we plot the value
against the initialization angle θ for six
θ2
reflection symmetry patterns having different orientations for symmetry axis. We
observe that the PSD values are positive in the proximity of the optimal angles.
Therefore, it is locally convex. We further observe that this quantity is maximum
at the optimal angle. We also observe that, if θ is the symmetry axis orientation,
then the PSD value becomes positive in the proximity of θ and of θ + 180◦ . The
reason for the second range is that, if θ is the slope of a line, then θ + 180◦ is also
the slope of the same line.
In Theorem 7.2.7, we claimed that the order in which the eigenvectors are stacked
as columns of the matrix R affects the local convexity. We prove it as follows. At
the critical point, we have that R⊤ AR = diag(d1 , d2 ). We note that Ωj B1 Ωj −
Ωj Ωj B1 = E for d = 2. Now from Equation (7.7), we achieve

⟨RΩ, H[RΩ]⟩R = d1 − d2 ⇒ d1 ≥ d2 .
Therefore, the first column of the matrix R⋆ should be the eigenvector corresponding
to the maximum eigenvalue and the second column of the matrix R⋆ should be the
eigenvector corresponding to the minimum eigenvalue of the matrix A.
Theorem 7.2.9. The proposed alternating framework converges to the global minimum if the initialization of the rotation matrices R1 , . . ., Rd−1 are within the
proximity of the optimal rotation matrices and initialization of the translation t is
any random vector.
Proof. We observe that the proposed alternation framework is basically the block
coordinate descent (BCD) method, where (R1 , . . . , Rd−1 , t) and P are two blocks
of coordinates. According to [170], the BCD method converges if the cost function
is convex in each block of coordinates. Here, we have seen that the cost function
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against the iniFigure 7.3. Illustration of the local convexity. The value
θ2
tialization angle θ for 6 reflection symmetry patterns having different orientations,
{0◦ , 20◦ , 40◦ , 60◦ , 80◦ , 100◦ } for symmetry axis. The PSD value (divided by θ2 ) is positive in the proximity of the optimal angle.

is convex in the coordinates t (Theorem 7.2.6), convex in the coordinates P on
the relaxed domain [0, 1]n×n , and locally convex in the coordinates (R1 , . . . , Rd−1 )
(Theorem 7.2.8). This implies that if the initialization of (R1 , . . . , Rd−1 ) is within
the proximity of the optimal solution, the alternating framework converges to the
global minimum. We experimentally show this theorem for the case d = 2. In
Figure 7.4, we plot the error (averaged over all optimal angles) at the convergence
point against the initialization angles for the case d = 2 (we shift the error vectors
for different optimal angles so that the optimal angle is always 90◦ ). We observe
that the variance becomes zero for initialization angle θ0 ∈ (90◦ − 12◦ , 90◦ + 9◦ ) and
θ0 ∈ (270◦ − 12◦ , 270◦ + 9◦ ). The reason for the second range is that, if θ is the slope
of a line, then θ + 180◦ is also the slope of the same line.
In summary, in order to obtain the optimal (R⋆ , t⋆ , P⋆ ), we follow Algorithm 7.
Initialization Strategy: In the Theorem 7.2.8, we have shown that the cost
function f (R, t, P) is locally convex in rotation matrix R. Therefore, Algorithm 7
converges to the global minimum if we initialize the rotation matrix in the proximity
of the global solution. Hence, we approximate the initial R by finding a small set
of candidate pairs of mirror symmetric points. We discuss the proposed approach
for finding a small set of candidate pairs of mirror symmetric points as follows.
Let us consider the input set S = {xi }ni=1 . We propose a randomized approach to
find a small set of candidate pairs of mirror symmetric points. We select two points,
xp and xq , uniformly at random from the set S. Let xp′ and xq′ be their actual
mirror images, respectively. We then construct two sets, P = {(xp , xi )}ni=1,i̸=p,q and
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Figure 7.4. We plot the error at the convergence point against the initialization angles
for the case d = 2 (we shift the error vectors for different optimal angles so that the
optimal angle is always 90◦ ). We observe that the variance in the error becomes zeros
for initialization angle θ0 ∈ (90◦ − 12◦ , 90◦ + 9◦ ) and θ0 ∈ (270◦ − 12◦ , 270◦ + 9◦ ).

Q = {(xq , xi )}ni=1,i̸=q,p of pairs of points. Given the sets P and Q, our goal is to
find the pairs (xp , xp′ ) and (xq , xq′ ). It is trivial to observe that (xp , xp′ ) ∈ P and
(xq , xq′ ) ∈ Q. We note that each pair of points define its own symmetry plane, the
one which is perpendicular to the line segment joining the two points and passing
through the mid-point of this line segment. Now, if the pairs (xp , xp′ ) and (xq , xq′ )
are true pairs then both the reflection planes, defined by these two pairs, should be
the same. For each pair (xp , xi ) ∈ P, we keep sampling a pair (xq , xj ) ∈ Q uniformly
at random without replacement until the reflection planes defined by these two pairs
are the same. We determine whether the two reflection planes, defined by these two
⊤
pairs, π pi : n⊤
pi x − cpi = 0 and π qj : nqj x − cqj = 0 are the same if the conditions,
cos−1 (n⊤
pi nqj ) ≤ ϵθ and
are true. Here, npi =

xp −xi
∥xp −xi ∥2

min{dq , dj }
≥ 1 − ϵd
max{dq , dj }

is the normal vector to the plane π pi , cpi = n⊤
pi (

is the distance of the origin from the plane π pi , nqj =
xq +xj
to the plane π qj , cqj = n⊤
qj ( 2 ) is the
⊤
dq = |n⊤
pi xq − cpi |, and dj = |npi xj − cpi |.

xq −xj
∥xq −xj ∥2

xp +xi
2 )

is the normal vector

distance of the origin from the plane π qj ,

We repeat the above procedure ten times. With this, we get a set of 20 (2 for
each run) candidate pairs of mirror symmetric points. Since we consider the case
where only a single symmetric object is present in the input set, we consider the
median plane of the 20 planes defined by the above computed 20 candidate pairs.
Now, we use the normal n to this median plane for initialization. We also initialize
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Algorithm 7 PointSymm
Input: Set of points S = {xi }ni=1 .
1: Initialize angles θ 0 and translation t.
2: Solve the ILP defined in Equation (7.17) for P.
3: For this P, solve for (R, t) using the Riemannian-trust-region method using the
Riemannian gradient and Hessian defined in Equations (7.12),(7.13),(7.14), and
(7.15).
4: Keep iterating steps 3 and 4 till convergence.
Output: The optimal R⋆1 , R⋆2 , . . . , R⋆d−1 and t⋆ .
the initial translation vector t as the median of the mid-points of the line segment
joining the points of the candidate pairs of the mirror symmetric points.
First, we subtract each data point of the point cloud from the estimated t of the
point cloud. This ensures that the reflection symmetry plane passes from the origin.
Now, we know the unit normal to the reflection symmetry plane, therefore, we use
the Householder transform to reflect each point which is xi′ = (I − 2nn⊤ )xi . Therefore, we have the matrix X containing the original point cloud and the matrix Xm
containing the reflection point cloud about the estimated reflection symmetry plane.
Now, using X and Xm we solve the linear assignment problem defined in Equation
(7.17) to find the matrix P. Now, we use these approximate correspondences to
estimate the reflection symmetry axis using step 4 of Algorithm 7.

7.3 Time Complexity
There are two main steps involved in our algorithm. The first one is to solve for
reflection symmetry transformation matrices R1 , R2 , . . . , Rd−1 , t using the Riemannian trust region [1]. The second step is to find the pairs of reflective symmetric
points using an integer linear program. The time complexity of Riemannian trust
region method is O(nd2 ). Since an integer linear program is an N P -complete problem, we first relax it to a linear program. The time complexity of solving a linear
programming is polynomial in the number of point in the point cloud. We use the
Karmarkar’s algorithm in [59] which has the time complexity of O(n3.5 ). Therefore
overall complexity of our approach is polynomial in the number of points which is
equal to O(nd2 ) + O(n3.5 ) ≈ O(n3.5 ) since d << n. It takes around 38.4 seconds to
find reflection symmetry transform and all the pairs of mirror symmetric points in
a point cloud with 500 points using MATLAB on a Linux machine with i7-7500U
CPU @ 2.70GHz, and 16GB RAM.

7.4 Evaluation and Results
7.4.1 Evaluation of Reflection Symmetry Plane
In order to evaluate the performance of reflection symmetry plane detection, we
compare the performance of our approach with the performance of the methods
in [37], [26], and [154]. We compare the detected plane of reflection symmetry to
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Figure 7.5. Recall vs Precision curves for methods Cicconet et al. [26], Ecins et al. [37],
Speciale et al. [154], and the proposed approach on the dataset given in [45]. We show
the maximum F-score for each method in the legends and corresponding points on the
precision vs. recall curve using the same colored point.

that of these methods on the dataset in [45] with F-score as the evaluation metric
proposed in [45]. The dataset given in [45] contains models of 1354 3D real world
objects in which the ground-truth plane of reflection symmetry is provided for all
the objects.
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Figure 7.6. The values ed and em vs the perturbation radius σ 2 . (a) d = 2, and (b) d = 3.
We observe that the performance measure quantities ed and em remain close to that of
the ground truth quantities.

Speciale et al. proposed a Hough transform voting based approach [154]. Ecins
et al. proposed an ICP based approach [37]. First, they initialize the reflection
symmetry plane and then iteratively update the reflection symmetry plane using the
Levenberg-Marquardt solver till convergence. They have further used the normals
at each point to reject outliers points. Therefore, they need oriented point clouds,
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i.e., normal at each point be given. Cicconet et al. first reflected the original point
cloud about an arbitrary reflection plane and then used the ICP algorithm to align
the original point cloud and the reflected point cloud [26]. Then, they determine
the reflection symmetry plane.
In order to evaluate the accuracy of detecting reflection symmetry plane for
each method, we find the precision and recall rates and the F -score. According to
P
TP
[45], the precision and the recall rates are defined as P = T PT+F
P , R = T P +F N ,
2RP
respectively. The F -Score is defined as F = R+P
. According to [45], T P is equal
to the number of correctly estimated reflection symmetry planes, F P is equal to
the number of incorrectly estimated reflection symmetry planes, and F N is equal
to the number of ground-truth reflection symmetry planes which are not detected.
According to [45], a detected plane of reflective symmetry is declared to be correct
or incorrect as follows. Let xe1 , xe2 , and xe3 be three points on the detected plane of
reflection symmetry. Let xg1 , xg2 , and xg3 be three points on the ground truth plane
of reflection symmetry of the underlying symmetric object. These three points on
the plane of reflection symmetry planes are any three points from the four points
of intersection of the plane of reflection symmetry with the bounding box of the
underlying reflective symmetric object. Now, according to [45], the detected plane
of reflection symmetry is declared correct if the angle between the normal of the detected plane of reflection symmetry, which is defined as η e = (xe1 − xe2 ) × (xe1 − xe3 ),
and the normal of the ground truth plane of reflection symmetry, which is defined as η g = (xg1 − xg2 ) × (xg1 − xg3 ), is less than a predefined threshold, i.e.,
( |η⊤ η | )
cos−1 ∥η ∥e2 ∥ηg ∥2 < tθ . Furthermore, according to [45], the distance between the
e

g

xe +xe

center of the detected plane of reflection symmetry, which defined as ce = 1 2 2 ,
from the ground truth plane of reflection symmetry is less than a predefined thresh|c⊤ η −η ⊤ xg |

g
g 1
old, i.e., e ∥η
< td . In order to find the precision vs. recall curve, we change
g ∥2
the threshold for angle as tθ ∈ [0, 45◦ ] and the threshold for distance as td ∈ [0, 2]×s.
Here, s = min{∥xe1 −xe2 ∥2 , ∥xe1 −xe3 ∥2 , ∥xg1 −xg2 ∥2 , ∥xg1 −xg3 ∥2 }. In Figure 7.5, we plot
the recall vs. precision curves for the methods in [26], [37], [154], and the proposed
approach on the dataset given in [45]. We show the maximum F -score for each
method in the legends. The maximum F -score for [37] is equal to 0.83, for [26] is
equal to 0.67, for [154] is equal to 0.73, and for the proposed approach is equal to
0.86.

7.4.2 Robustness to Perturbations
In order to measure the qualitative performance of the proposed approach, we investigate the following two errors which are functions of the perturbation radius
σ2:
n
n
1∑
1∑ ⊤ m
ed =
| ⟨ẑi , v̂⟩ | and em =
| v̂ xi + w0 | .
n
n
i=1

i=1

The error ed represents how well the vectors, along the line segments joining the estimated reflection symmetry points, align with the normal to the hyperplane π at convergence. The error em represents how well the mid-points of line segments joining
x −x
reflection symmetry points lie on the estimated hyperplane π. Here, ẑi = ∥xii−x i′′∥2 ,
i
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x +x

i
i′
v̂ is the unit normal to the hyperplane π, xm
, and w0 is the distance of the
i =
2
hyperplane π from the origin. In Figure 7.6, we show the errors ed and em against
the perturbation radius σ 2 . We observe that the values em and ed for the proposed
approach are close to that of the ground-truth reflection symmetry even as the value
of σ 2 increases. We construct the following dataset to perform the above experiment.
Let {x1 , x2 , . . . , x n2 } be the randomly chosen n2 points. Given the reflection transformations {R1 , . . . , Rd−1 , t}, we reflect these points using Definition 7.2.1 in order
to get the final symmetric set S = {x1 , x2 , . . . , x n2 , x′1 , x′2 , . . . , x′n }. Then, we per2

turb each point with random noise as x ← x + N (0d , diag(σ 2 , σ 2 , . . . , σ 2 )), ∀x ∈ S.
Here, σ 2 is the perturbation radius and the perturbation is different for each point.
For the case d = 2, we create sets containing reflection symmetry patterns with
n ∈ {50, 100, 150, 200, 250, 300} with 0 ≤ x, y ≤ 1. For each n, we take 19 different symmetry axis orientations in the range from −90◦ to 90◦ with step size of
10◦ . We choose σ 2 ∈ {0, 0.01, 0.02, . . . , 0.1} to get 11 different perturbations. In
total, we have 1254 sets for the evaluation. In Figure 7.7, we show an example
point set from this dataset. For the case d = 3, we create reflective symmetric sets
with n ∈ {50, 100, 150, 200, 250, 300} with 0 ≤ x, y ≤ 1. For each n, we take 16
different symmetry plane orientations by considering θ1 ∈ {−30◦ , 0◦ , 35◦ , 80◦ } and
θ2 ∈ {−30◦ , 0◦ , 35◦ , 80◦ }. We choose σ 2 ∈ {0, 0.01, . . . , 0.1}. In total, we obtain
1056 point sets.

Figure 7.7. An example point set for d = 2.

7.4.3

Evaluation in Higher Dimensional Data

Datasets. Since datasets for higher dimensions (d > 3) are not available with
ground-truth reflection symmetry, we synthetically create datasets as follows. For
the case d = 6 and d = 8, we create mirror symmetric point clouds using Definition
7.2.1, with n ∈ {50, 100, 150, 200, 250, 300} and 0 ≤ x, y ≤ 1. For each n, we take 20
random symmetry plane normals. We choose σ 2 ∈ {0, 0.02, 0.04, . . . , 0.1} to get 6
different perturbations. In total, we have 720 sets for evaluation. For all these point
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clouds, we have the ground-truth correspondences between the symmetric points
and the normals to the ground-truth symmetry planes.
Evaluation of correspondences. In order to evaluate the performance, we measure the correspondence rate which is the number of correct correspondences out
of the estimated correspondences. Let (i, i′e ) be the estimated correspondence and
let (i, i′g ) be the ground-truth correspondence. Then, we decide if the estimated
correspondence (i, i′e ) is correct based on a distance threshold τd . If the distance
∥xi′e −xi′g ∥2 between the points xi′e and xi′g is less than the distance threshold τd , then
the correspondence (i, i′e ) is correct and otherwise, incorrect. For a given threshold
τd , we count the correspondences (i, i′e ) for which the condition ∥xi′e − xi′g ∥2 < τd
holds true. In Figure 7.8, we show the correspondence rate vs the distance threshold curves for the different perturbation radius σ 2 ∈ {0, 0.02, 0.04, . . . , 0.1} and for
d = 6 and d = 8. We vary the distance threshold as τd ∈ {0, 0.01, 0.02, . . . , 0.34}. We
observe that the correspondence rate increases as the distance threshold increases
and the correspondence rate decreases as the perturbation radius increases for both
d = 6 and d = 8.
Evaluation of symmetry plane. To evaluate the performance of the reflection
plane detection in higher dimensional point clouds (d > 3), instead of finding d − 1
points on the estimated hyperplane (since finding d − 1 points could be difficult),
we measure the distance between their normals. Without loss of generality, we
prepare the dataset such that the reflection symmetry plane passes through the
origin. Now, let η g and η e be the unit normals to the ground-truth and the estimated reflection symmetry planes, respectively. Then, we declare the estimated
reflection symmetry plane to be correct, if cos−1 (|(η g )⊤ η e |) < τθ . We vary the angle
threshold τθ in the range [0◦ , 5◦ ] with a step size of 0.01◦ . In Figure 7.9, we show
the precision rate vs the angle threshold τθ curves for different perturbation radius
σ 2 ∈ {0, 0.02, 0.04, . . . , 0.1} and for d = 6 and d = 8. We observe that the precision
rate increases as the angle threshold increases and decreases as the perturbation
radius increases for both d = 6 and d = 8.
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Figure 7.8. Correspondence rate vs distance threshold curves for d = 6 and d = 8.

7.4.4 Results
In Figure 7.10, we show the detected reflection symmetry for two real 3D scans of
buildings from the dataset [45]. In Figure 7.11, we present the results for the case
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Figure 7.9. Precision rate vs angle threshold curves for d = 6 and d = 8.

d = 3. The point cloud in Figure 7.10(a) contains 912045 points and the point cloud
in Figure 7.10(b) contains 767474 points. Since the computational complexity is
O(n3.5 )+O(nd2 ), the computation time and space requirement (storing the matrices
A1 and A2 ) are very high. Therefore, in order to compute the reflection symmetry
in these scans, we randomly sample around 600 points. In both cases, we show
the reflection symmetry plane by the blue color and estimated pairs of reflective
symmetric points by the red colored line segment joining them. In order to make our
algorithm robust to the part removal, we simply put the extra constraint e⊤ Pe ≤ 2k
in ILP defined in Equation (7.17) which limits the number of pairs to at most k.
For d = 2, we detect reflection symmetry in the set of corner points in a real image.
In order to determine the symmetry axis, we use Theorem 7.2.3. For d = 3, we use
existing standard 3D models dataset [145]. In order to calculate the symmetry axis
in an image using the proposed approach, we first find the set of corner points [49].
This set may contain the corners not lying on the symmetric object. Therefore, we
apply the proposed approach with RANSAC [42]. We compare the proposed results
with the results of two descriptor based methods [89] and [11]. We evaluate on
real and synthetic images containing single symmetric object from the dataset [128].
In Table 7.1, we present the precision and the recall rates. We observe that for
synthetic images, the precision rate is very high for the proposed approach because
most of the corner points lie on the symmetric object. Whereas, in real images,
the set of corner points contains many outlier corners which leads to the degraded
performance. Precision rates for the proposed approach are higher than that for the
methods [89] and [11]. The recall rates are better than that of the method [89] and
comparable to that of the method [11]. This leads to the conclusion that symmetry
detection can be performed even when the feature descriptors are not available. In
Figure 7.12, we show the results on the datasets [25, 82], and [128]. The last two
images show the failure cases from the datasets [128]. The reason could be that the
pixels which are responsible for symmetry detection such as pixels on eyes and ear
tips in the second image are not detected in the corner point detection step.
Influence of Different Initializations. We first create the following dataset
of 3D point clouds. We create 5000 point clouds {Si }5000
i=1 with known ground-truth
symmetries as discussed in Section 7.4.2. We keep 500 points in each point cloud.
Without loss of generality, we choose the reflection symmetry plane such that it
makes 90◦ angle with x-axis and y-axis, i.e., the x-y plane. For each point cloud, we
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Figure 7.10. Detected reflection symmetry on two real 3D scans of buildings from the
dataset [45].
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Figure 7.11. Results of symmetry detection in the 3D object models from the dataset
[145]. In odd numbered columns, we show the point set on the original surface. In even
numbered columns, we show the detected reflection symmetry. The detected correspondences are shown by joining the mirror symmetric points by the black colored lines. The
Reflection symmetry plane is shown in light brown color. The mid-points of the mirror
symmetric points are show in blue color. Here, we show the surface for visualization
purpose only.
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Table 7.1. Precision and recall rates for the methods [89], [11], and the proposed approach
on the dataset [128].

Real Images
Synthetic Images

[89]
0.21
0.28

Precision
[11] Ours
0.30 0.42
0.29 0.73

[89]
0.75
0.93

Recall
[11] Ours
0.95 0.93
1.00 0.96

Figure 7.12. Results of symmetry detection in real images from the dataset [82, 25, 128].
We show the set S using green points, the detected reflection symmetry axis by a red
line, and the detected correspondences between the mirror symmetric points by the blue
lines.

initialize the variable t0i = mean(Si ) and (θx0 , θy0 ) on every point of the grid domain
{−90◦ , −80◦ , . . . , +80◦ , +90◦ } × {−90◦ , −80◦ , . . . , +80◦ , +90◦ }. We then run our
approach and measure the error at the convergence
ei (θx0 , θy0 ) = R⋆x R⋆y E(R⋆x R⋆y )⊤ (Xi − t⋆ e⊤ ) + t⋆ e⊤ − Xi P⋆

2
F

for each initialization (θx0 , θy0 ). Then, we find the average error
e(θx0 , θy0 )

5000
1 ∑
=
ei (θx0 , θy0 ).
5000
i=1

Here, Rx and Ry are defined as follows.




cos θy0 0 sin θy0
1
0
0
1
0 .
Rx = 0 cos θx0 − sin θx0  , Ry =  0
0
0
0
− sin θy 0 cos θy0
0 sin θx cos θx
In Figure 7.13, we show the average error e(θx0 , θy0 ). We observe that if the initialization (θx0 , θy0 ) is far away from the global optimum (0◦ , 0◦ ), then the error is very
high. As the distance between the initialization angles (θx0 , θy0 ) and the global optimum angles (0◦ , 0◦ ) decrease, the error e(θx0 , θy0 ) remains approximately constant
and suddenly drops to near zero after a particular distance. This indicates that, if
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the initialization angles are within a particular distance from the global optimum,
then our approach always find the global optimum solution. This empirical result
concurs with the result we already proved in Theorems 7.2.8 and 7.2.9.
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(a)
Figure 7.13. Average error e(θx0 , θy0 ) vs the initialization angles (θx0 , θy0 ).

7.5 Conclusion
In this work, we have developed the theory for establishing the correspondences
between the points in Rd which are reflections of each other. We, further, determine
the reflection symmetry transformation in a volumetric set of points in Rd containing a perturbed reflection symmetry pattern using optimization on a Riemannian
manifold. We have shown that our method is robust to a significant amount of perturbation and achieves 100% accuracy for no perturbation. We have further shown
the significance of this work by detecting reflection symmetry in real images and
comparing with state-of-the-art methods. The proposed approach is particularly
suitable for detecting reflection symmetry of objects in applications where obtaining a robust local descriptor is challenging. Our method works for the cases where
a single pattern is present in the set and the linear reflection assignment problem is
a time consuming step which restricts us to apply it on the large point sets. However, a proper sampling method can be employed to reduce the size of the point set
without losing the symmetry present in the point set.
We believe that the fundamental theory and algorithm developed in this work
will pave the way for researchers to exploit them for scenarios where estimating
feature descriptors is a challenging task. The algorithm can be extended to other
relevant problems which rely on the processing of a discrete point set residing in
a high dimensional space. As a future work, we would like to extend this work to
detect the reflection symmetry in large volumetric point sets containing multiple
reflection symmetry patterns.
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7.6
7.6.1

Appendix
Euclidean gradient of the function f¯ with respect to the variable t

We write the cost function as follows.
f¯(R, t, P) = ∥TET⊤ (X − te⊤ ) − (XP − te⊤ )∥2F
= ∥(TET⊤ X − XP) + (Id − TET⊤ )te⊤ ∥2F .
We note that
(Id − TET⊤ )⊤ (Id − TET⊤ ) = 2(Id − TET⊤ ).
Therefore, we have (the terms which are not functions of t are not shown)
f¯(R, t, P) = trace(2et⊤ (Id −TET⊤ )te⊤ +2(X⊤ TET⊤ −P⊤ X⊤ )(Id −TET⊤ )te⊤ ).
Now taking the derivative with respect to t we have,
∇t f¯ = 2(Id − TET⊤ )te⊤ e + 2(e⊤ et⊤ (Id − TET⊤ ))⊤
+2(e⊤ (X⊤ TET⊤ − P⊤ X⊤ )(Id − TET⊤ ))⊤
= 4(Id − TET⊤ )te⊤ e + 2(Id − TET⊤ )(TET⊤ X − XP)e
Here we have that (Id − TET⊤ )TET⊤ = −(Id − TET⊤ ). Therefore,
∇t f¯ = 4(Id − TET⊤ )te⊤ e − 2(Id − TET⊤ )(X + XP)e
= 2(Id − TET⊤ )(2te⊤ e − Xe − XPe).

7.6.2

Euclidean gradient of the function f¯ with respect to the variable Rj

Let us consider the cost function as defined in Equation (7.5):
f¯(R, t, P) =

∏
( d−1

∏
)⊤
) ( d−1
Ru E
Ru (X − te⊤ ) + te⊤ − XP

u=1

Now, let us define T =

d−1
∏

u=1

2

.
F

Ru , U = X − te⊤ and V = XP − te⊤ .

u=1

Then the cost function becomes.
f¯(R, t, P) = ∥TET⊤ U − V∥2F
= trace((TET⊤ U − V)⊤ (TET⊤ U − V))
= trace((U⊤ TET⊤ − V⊤ )(TET⊤ U − V))
= trace(U⊤ TET⊤ TET⊤ U − 2U⊤ TET⊤ V + V⊤ V)
Here we note that TET⊤ TET⊤ = Id , therefore
f¯(R, t, P) = trace(U⊤ U − 2U⊤ TET⊤ V + V⊤ V).
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Now taking the classical gradient of f¯ with respect to Rj we have. (We follow [123]
for the necessary properties.)
(∏
) (∏
)⊤
∂ f¯
∂
= −2
trace(U⊤
Ru E
Ru V)
∂Rj
∂Rj
d−1

d−1

u=1

u=1

∏
∏
∏
∏
)⊤ ⊤ j−1
( j−1
) ( d−1
) ( d−1
∂
⊤
Ru Rj (
= −2
trace(U
Ru E
Ru Rj
Ru )⊤ V)
∂Rj
u=1

= −2

∏
(( d−1

u=1

j+1

u=j+1

∏
∏
)⊤
( j−1
))⊤
) ( d−1
⊤
Ru E
Ru VU
Ru
u=1

u=1

j+1

∏
∏
∏
( j−1
)⊤
( d−1
) ( d−1
)⊤
⊤
−2
Ru VU
Ru E
Ru
u=1

= −2

u=1

∏
( j−1

Ru

)⊤

UV⊤

u=1

∏
( d−1

u=j+1

∏
)⊤
) ( d−1
Ru
Ru E

u=1

j+1

∏
∏
∏
)⊤
) ( d−1
( j−1
)⊤
( d−1
Ru
−2
Ru E
Ru VU⊤
u=1

u=1

u=j+1

∏
∏
∏
)⊤
( j−1
)⊤
) ( d−1
( d−1
= −2
Ru
Ru (UV⊤ + VU⊤ )
Ru E
u=1

u=1

u=j+1

∏
∏
∏
)⊤
( j−1
)⊤ ( d−1
) ( d−1
= −2
Ru
Ru A
Ru E
u=1

u=1

u=j+1

Where
A = (VU⊤ + UV⊤ )
= (XP − te⊤ )(X − te⊤ )⊤ + (X − te⊤ )(XP − te⊤ )⊤ .

7.6.3 The Riemannian gradient of the function f with respect to
the variable t
Using the definition, as defined in main chapter, of Riemannian gradient ξ t (t) of
the function f with respect to the variable t we have
ξ t (t) = Pt (∇t f¯) = ∇t f¯
∏
∏
(
( d−1
) ( d−1
)⊤ )
= 2 Id −
Ru E
Ru
(2nt − Xe − XPe).
u=1
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The Riemannian gradient of the function f with respect to
the variable Rj

Using the definition, as defined in main chapter, of Riemannian gradient ξRj (Rj )
of the function f with respect to the variable Rj we have
¯
ξ Rj (Rj ) = PRj (∇Rj f¯) = Rj skew(R⊤
j ∇Rj f ).
¯
ξRj (Rj ) = Rj skew(R⊤
j ∇Rj f ).
j
∏
∏
)⊤
(∏
)⊤ ( d−1
( d−1
¯ = −2
Ru
R⊤
∇
f
R
A
R
)E
u
u
R
j
j
u=1

∇Rj f¯⊤ Rj = −2

u=1

∏
( d−1

u=j+1

j
∏
) ( d−1
)⊤
(∏
)
Ru E
Ru A⊤
Ru .
u=1

u=j+1

u=1

Therefore,
ξRj (Rj ) = Rj
= −Rj

j
(∏

Ru

¯⊤
¯
R⊤
j ∇Rj f − ∇Rj f Rj
2

∏
∏
)⊤
)⊤ ( d−1
) ( d−1
Ru
A
Ru E

u=1

+ Rj

∏
( d−1

u=1

j
∏
)⊤
) ( d−1
(∏
)
R u A⊤
Ru E
Ru .
u=1

u=j+1

7.6.5

u=j+1

(7.19)

u=1

The Riemannian Hessian of the function f with respect to Rj

Next, we determine the Riemannian Hessian of the function f . In order to determine the j th component HessRj (f (R, t))[Rj Ωj ] = PRj (DξRj (Rj )[Rj Ωj ]), of the
Riemannian Hessian, we first find the classical derivative DξRj (Rj )[Rj Ωj ] of the
Riemannian gradient ξ Rj (Rj ) in the direction Rj Ωj and then we apply the projection operator PRj . Now using Equation 7.19 we have
ξ Rj (Rj ) = −Rj

j
(∏

Ru

∏
∏
)⊤ ( d−1
) ( d−1
)⊤
A
Ru E
Ru

u=1

+Rj

∏
( d−1

=

∏
( j−1

+Rj

u=j+1

Ph.D. Thesis

u=1

u=1

∏
∏
∏
)⊤ ( j−1
) ( d−1
) ( d−1
)⊤
Ru A
Ru Rj
Ru E
Ru

u=1

∏
( d−1

u=j+1

j
∏
) ( d−1
)⊤ ⊤ ( ∏
)
Ru E
Ru A
Ru

u=j+1

−Rj R⊤
j

u=1

u=1

j+1

j+1

∏
∏
∏
) ( d−1
)⊤ ⊤ ( j−1
)⊤ ⊤ ( j−1
)
Ru E
Ru Rj
Ru A
Ru Rj
u=j+1

u=1

u=1
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⊤
= −Rj R⊤
j B2 Rj B1 + Rj B1 Rj B2 Rj .

Here,
B1 =

∏
( d−1

Ru )E

u=j+1

B2 =

∏
( j−1

Now
DξRj (Rj )[Rj Ωj ] =

Ru )⊤ ,

u=j+1

Ru

u=1

∏
( d−1

)⊤

A⊤

∏
( j−1

)
Ru .

u=1

d
ξ (Rj + tRj Ωj ) |t=0
dt Rj

d
(−(Rj + tRj Ωj )(Rj + tRj Ωj )⊤ B2 (Rj + tRj Ωj )B1 ) |t=0
dt
d
+ ((Rj + tRj Ωj )B1 (Rj + tRj Ωj )⊤ B2 (Rj + tRj Ωj )) |t=0 .
dt
The first term is equal to
=

−Rj R⊤
j B2 Rj Ωj B1 .
The second term is equal to
⊤
⊤
Rj B1 R⊤
j B2 Rj Ωj − Rj B1 Ωj Rj B2 Rj + Rj Ωj B1 Rj B2 Rj .

Therefore,
⊤
Dξ Rj (Rj )[Rj Ωj ] = −Rj R⊤
j B2 Rj Ωj B1 + (Rj B1 Rj B2 Rj Ωj
⊤
⊤
−Rj B1 Ωj R⊤
j B2 Rj + Rj Ωj B1 Rj B2 Rj )Rj Dξ Rj (Rj )[Rj Ωj ]
⊤
⊤
⊤
= −R⊤
j Rj Rj B2 Rj Ωj B1 + Rj (Rj B1 Rj B2 Rj Ωj
⊤
−Rj B1 Ωj R⊤
j B2 Rj + Rj Ωj B1 Rj B2 Rj )
⊤
= −R⊤
j B2 Rj Ωj B1 + (B1 Rj B2 Rj Ωj
⊤
⊤
−B1 Ωj R⊤
j B2 Rj + Ωj B1 Rj B2 Rj )(Dξ Rj (Rj )[Rj Ωj ]) Rj
⊤ ⊤
⊤
⊤ ⊤
⊤ ⊤
= B⊤
1 Ωj Rj B2 Rj Rj Rj + (−Ωj Rj B2 Rj B1 Rj
⊤
⊤ ⊤
⊤ ⊤
⊤
⊤
+R⊤
j B2 Rj Ωj B1 Rj − Rj B2 Rj B1 Ωj Rj )Rj
⊤ ⊤
⊤ ⊤
⊤
= B⊤
1 Ωj Rj B2 Rj + (−Ωj Rj B2 Rj B1
⊤
⊤
⊤ ⊤
⊤
+R⊤
j B2 Rj Ωj B1 − Rj B2 Rj B1 Ωj )
⊤
R⊤
j Dξ Rj (Rj )[Rj Ωj ] − (Dξ Rj (Rj )[Rj Ωj ]) Rj
⊤
⊤
= −R⊤
j B2 Rj Ωj B1 + B1 Rj B2 Rj Ωj − B1 Ωj Rj B2 Rj
⊤
⊤ ⊤
⊤ ⊤
⊤
+Ωj B1 R⊤
j B2 Rj − B1 Ωj Rj B2 Rj + Ωj Rj B2 Rj B1
⊤
⊤
⊤ ⊤
⊤
−R⊤
j B2 Rj Ωj B1 + Rj B2 Rj B1 Ωj
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⊤
⊤ ⊤
= B1 [R⊤
j B2 Rj , Ωj ] − [Rj B2 Rj , Ωj ]B1 +
⊤ ⊤
[Ωj , B1 ]R⊤
j B2 Rj − Rj B2 Rj [Ωj , B1 ]
⊤
= [B1 , [R⊤
j B2 Rj , Ωj ]] + [[Ωj , B1 ], Rj B2 Rj ].

Here [., .] is the Lie bracket and defined as [U, V] = UV − VU for any two matrices
U and V.
HessRj (f (R, t))[Rj Ωj ] = PRj (DξRj (Rj )[Rj Ωj ])
= Rj skew(R⊤
j Dξ Rj (Rj )[Rj Ωj ])
1
⊤
= Rj (R⊤
j Dξ Rj (Rj )[Rj Ωj ] − (Dξ Rj (Rj )[Rj Ωj ]) Rj )
2
1
⊤
= Rj ([B1 , [R⊤
j B2 Rj , Ωj ]] + [[Ωj , B1 ], Rj B2 Rj ]).
2

7.6.6

The Riemannian Hessian of the function f with respect to t

In a similar way, we determine the second component, Pt (Dξt (t)[η t ]), of the Riemannian Hessian. Since Rd is a vector space we have Pt (Dξt (t)[η t ]) = Dξ t (t)[η t ]
Dξt (t)[η t ] =

d
ξ (t + qη t ) |q=0
dq t

∏
∏
)⊤ )
) ( d−1
(
( d−1
ηt.
Ru
= 4n Id −
Ru E
u=1

u=1

Therefore
∏
∏
)⊤ )
) ( d−1
(
( d−1
ηt.
Ru
Hesst (f (R, t))[η t ] = 4n Id −
Ru E
u=1

7.6.7

(7.20)

u=1

Steps of Theorem 7.2.8

Showing the fact
⊤
⊤
trace(Ω⊤
j Rj H[Rj Ωj ]) = 4trace(Rj B2 Rj Ωj (B1 Ωj − Ωj B1 )).

Now

⊤
⊤ ⊤
trace(Ω⊤
j Rj H[Rj Ωj ]) = trace(−Ωj Rj B2 Rj Ωj B1
⊤
⊤
⊤
⊤
⊤
+Ω⊤
j B1 Rj B2 Rj Ωj − Ωj B1 Ωj Rj B2 Rj + Ωj Ωj B1 Rj B2 Rj
⊤
⊤ ⊤
⊤
⊤ ⊤
⊤
−Ω⊤
j B1 Ωj Rj B2 Rj + Ωj Ωj Rj B2 Rj B1
⊤ ⊤
⊤
⊤ ⊤ ⊤
⊤
−Ω⊤
j Rj B2 Rj Ωj B1 + Ωj Rj B2 Rj B1 Ωj )
⊤
= trace(Ωj R⊤
j B2 Rj Ωj B1 − Ωj B1 Rj B2 Rj Ωj
⊤
+Ωj B1 Ωj R⊤
j B2 Rj − Ωj Ωj B1 Rj B2 Rj
⊤
+Ωj B1 Ωj R⊤
j B2 Rj − Ωj Ωj Rj B2 Rj B1
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⊤
+Ωj R⊤
j B2 Rj Ωj B1 − Ωj Rj B2 Rj B1 Ωj )
⊤
= trace(4R⊤
j B2 Rj Ωj B1 Ωj − 2Rj B2 Rj Ωj Ωj B1

−2R⊤
j B2 Rj B1 Ωj Ωj )
Since,

⊤ ⊤
trace(R⊤
j B2 Rj B1 Ωj Ωj ) = trace((B1 Ωj Ωj ) Rj B2 Rj )

= trace(Ωj Ωj B1 R⊤
j B2 Rj )
= trace(R⊤
j B2 Rj Ωj Ωj B1 ),
we have

⊤
⊤
trace(Ω⊤
j Rj H[Rj Ωj ]) = trace(4Rj B2 Rj Ωj B1 Ωj

−4R⊤
j B2 Rj Ωj Ωj B1 )
= 4 trace(R⊤
j B2 Rj (Ωj B1 Ωj − Ωj Ωj B1 )).
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Chapter 8

Conclusion
We have developed two algorithms for multiple reflection symmetry axes detection
in digital images. We have achieved state-of-the-art performance on the recent challenging benchmark dataset. In the first approach, we have formulated the problem
of symmetry detection as an optimization problem. We have proposed a novel algorithm called k-symmetry clustering algorithm, for partitioning the set of pairs of
mirror symmetric points to detect symmetry axes corresponding to different objects
in the scene. In the second method, we used the pairs of reflective symmetric pixels
utilizing the boundary orientations. Then, we constructed a graph where each pair
represents a vertex and two nodes share an edge if both define the same symmetry
axis. We observed that each clique in this graph represents a particular symmetry
axis. We found dominant cliques to detect all the symmetry axes.
We have developed an algorithm to find an accurate reflection symmetry score
map which represents the confidence score with which a pixel has its reflective
symmetric pixel in the image and the nearest mirror reflection field which represents
the mirror image pixel for each pixel. We have developed an algorithm for finding
symmetry aware superpixel over-segmentation of an image which preserves reflection
symmetry present at the pixel level to the symmetry at the superpixel level. We are
the first one to solve this problem. We further showed the importance of symmetry
aware superpixel over-segmentation by using it for the unsupervised segmentation
of symmetric objects.
We have proposed an algorithm for 3D extrinsic reflection symmetry detection
in 3D point clouds. Our method is feature descriptor free and achieved the stateof-the-art performance on the recent challenging dataset. Further, our approach
is robust to missing parts, outliers, and perturbation from the perfect symmetries.
Furthermore, in another approach, we have used image content to find the 3D
reflection symmetry in the reconstructed 3D point cloud in structure from motion
pipeline.
We have proposed an algorithm for detecting intrinsic discrete reflection symmetry in 3D triangle meshes and achieved the state-of-the-art performance in terms
of accuracy of symmetry detection and the computation time on the benchmark
datasets. We have proposed a novel approach for finding a set of sparse and accurate pairs of intrinsically symmetric points. We proved that the functional correspondence matrix for the intrinsic symmetry detection problem is a diagonal matrix
Rajendra Nagar
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8. Conclusion

and a diagonal entry is +1 (−1), if the corresponding eigenfunction is an even
(odd) function. We showed that, if a manifold contains intrinsic symmetry and an
eigenfunction is an even (odd) function, then its restriction to the shortest length
geodesic between any two intrinsically symmetric points is an even (odd) function.
We further have transformed the eigenfunctions to make them more invariant to
self-isometry which improved the overall accuracy of intrinsic symmetry detection.
We have further shown that our approach can detect approximate symmetry and
partial symmetry in the meshes with significant holes.
We have developed a novel algorithm for detecting extrinsic reflection symmetry
in d-dimensional signals. We have shown its effectiveness on digital images and 3D
point clouds and achieved state-of-the-art performance on the benchmark dataset
for 3D cases.
We present below the summary of key contributions of this thesis.
1. Our object boundary orientation based approach for multiple symmetry axes
detection in digital images achieves the state-of-the-art performance on the
standard dataset provided in [45]
2. A novel algorithm to simultaneously find reflection symmetry score map and
nearest mirror reflection field for a digital image.
3. A novel and first algorithm for finding reflection symmetry aware superpixel
over-segmentation of a digital image.
4. The best performing algorithm for 3D reflection symmetry detection in 3D
point clouds with missing parts, in the presence of outliers, and perturbation
from the perfect symmetry on the dataset provided in [45].
5. The best performing algorithm in terms of accuracy and computation time for
approximate and partial intrinsic symmetry detection in 3D triangle meshes
on the TOSCA dataset [21] and the SCAPE dataset [6].
6. Theory and a novel algorithm for detecting reflection symmetry in d-dimensional
signals and achieved the best performance on the dataset [45].
We hope that all the proposed algorithms will be used and helpful in various
applications in the fields of computer vision and computer graphics. We believe that
the computer vision research community would be able to extend the performance
of the proposed approaches.
As a future work, we would like to use deep learning techniques to solve the
symmetry detection problems. Deep learning approach seems to be an interesting
direction. Supervised deep learning techniques may be prohibitive to be used directly as a dataset with a large number of meshes with the given ground truth
intrinsically symmetric point for each point of a mesh are not available. For example, the TOSCA, the SCAPE, and the SHREC datasets contain only around 30
ground truth landmark correspondences for each model and contain only a few models (around 100 models). Therefore, we will explore the unsupervised deep learning
approach for symmetry detection. The problem of symmetry detection is related
to the problem of finding correspondences between two images or two shapes. The
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shape correspondences problem has already been solved using deep learning techniques such as Deep Functional maps [201], Deep Deformations [202], SplineCNN
[203], and Self-supervised learning of dense shape correspondences [204].
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